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∂2ψ(x,t)

∂t2
, J ! K83 =/8 ∆F 08408&8#*% % $+I808#6% $% *8#&75 83 x 8 x+ dx!' I506% 45$8 &80 8#5#*0%$% %*0%C?& $5 L</<5 $% $+I808#6% $% 5345#8#*8 y



 !"! #$%&'( )* +&$,-.*&/,'$ * 123&'2*,%1 )* 41$4'($561 7)$ %*,-618
(∆F )y = −τ(x) sin(θ1) + τ(x+ dx) sin(θ2)

= −τ(x) tan(θ1) + τ(x+ dx) tan(θ2)

= −

(

τ(x)
∂ψ(x,t)

∂x

)

x

+

(

τ(x)
∂ψ(x,t)

∂x

)

x+dx

=
∂

∂x

[

τ(x)
∂ψ(x,t)

∂x

]

dx. 9 !":$--;2',)1 <;* θ = 3*<;*,1 3$&$ 3*<;*,1- )*-41$2*,%1-> 1,-')*&$21- sin θ ≈

tan θ!?@1&$ '@;$4$,)1 $- *<;$5A*-  ! *  !"> 3$&$ ds ≈ dx8
∂2ψ(x,t)

∂t2
=

∂

∂x

[

τ(x)

ρ

∂ψ(x,t)

∂x

]

. 9 !B:C$&$ 1 $-1 *2 <;* τ(x) = τ > 1; -*D$> 3$&$ 1&)$- E121@/,*$- %*21- $ *<;$561)$ 1,)$ 12;2*,%* 1,E*')$8
∂2ψ(x,t)

∂t2
=
τ

ρ

∂2ψ(x,t)

∂x2
, 9 !F:*2 <;* $ G*41')$)* )$ 3&13$@$561 )$ 1,)$ = v =
√
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∂

∂x
[η(x)

∂ψ(x)

∂x
] + ω2ψ(x) = 0. C !KD81,-')*&$,)1 <2$ )'-&*%'($561 <,'.1&2* )$ &*)* 12 *-3$5$2*,%1∆x * -*,)1

i 1 ,>2*&1 )1 -L%'1 $1 41,@1 )$ $)*'$: $- 31-'5M*- x 3$--$2 $ -*& 2>4%'341- )*
∆x: 1< -*N$: x = i∆x 3$&$ <2 21)*41 )'-&*%'($)1! O-$,)1 =<*J

∂

∂x
[η(x)

∂ψ(x)

∂x
]≈[ηi(ψi+1 − ψi)−ηi−1(ψi − ψi−1)]. C !PD* -*@<',)1 $ &*.*&/,'$ Q R℄: A$21- 1,-')*&$& ∆x = 1! ?--'2 %*21-J

ηi(ψi+1 − ψi)− ηi−1(ψi − ψi−1) + ω2ψi = 0. C !7DH1)*21- &*$&&$,N$& 1- %*&21- * *-&*A*& ,$ .1&2$ 2$%&''$4J
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∏N

i=1 Ti- ?(%%! ;)"$!9 ,!,! #$ )+,&45) &+&&!*C0 =
(

ψ1

ψ0

)9  ),($)%(+)+'"!" CN =
(

ψN+1

ψN

)9 #$! 0(: 1#( CN = QNC0-. (@ )(+'( ,( AB! #+)09 )# &+0("%) ,) )$ "&$(+') ,( *)!*&:!45) λ9 >,(=+&,)  )"C
γ(ω) =

1

λ
= lim

N→∞

1

N
ln
|QNC0|
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Ĥ =

∑

i

EiĈ
†
i Ĉi +

∑

i 6=j

TijĈ
†
i Ĉj. \ ! R]



 !"! # $%&'(% &' )*&'+,%*  -.',,/ '01+',,2%3 Ei 4 / '*'+56/ &% 674,68% ,9:6%3 Tij 4 / 6*:+'5+/( &' :+/*,7;'+<*6/ '*:+' %, ,9:6%, i ' j >:/8?48 %*@'6&/ 1%+ /81(6:A&'  !""#$%B ' Ĉ† '
Ĉ ,2%3 +',1':6C/8'*:'3 %, %1'+/&%+', &' +6/D2% ' &',:+A6D2% &% '(4:+%* *% ,9:6%
i! E 681%+:/*:' &',://+ FA'3 *',,' G/86(:%*6/*% /, 6*:'+/DH', I%A(%8?6/*/,'*:+' %, '(4:+%*, ,2% &',1+'J/&/,! ) &',%+&'8 /+/:'+9,:6/ &% 8%&'(% 4 6*:+%7&AJ6&/ ',%(@'*&%7,' Ei 1/+/ /&/ ,9:6% i &' ;%+8/ /('/:K+6/ &'*:+% &' A8 6*:'+C/(%
[−W/2,W/2]! # 5+/A &' &',%+&'8 &% ,6,:'8/ 4 %*:+%(/&% 1'(% 1/+L8':+%W 3 %7*@'6&% %8% (/+5A+/ &/ &6,:+6?A6D2% &' &',%+&'8! MA/*&% W = 0 4 %?:6&% A8,6,:'8/ %+&'*/&%3 *% FA/( :%&%, %, ,9:6%, 1%,,A6 / 8',8/ '*'+56/!# 8%&'(% :+6&68'*,6%*/( &' )*&'+,%*3 1+'C< / '06,:<*6/ &' ',:/&%, ',:'*&67&%,3 1/+/ A8 5+/A &' &',%+&'8 8'*%+ FA' % 5+/A +9:6% Wc3 %A ,'N/3 '8 FA'
W < Wc! O:6(6J/*&%7,' &',,' 8%&'(%3 )*&'+,%* 8%,:+%A / '06,:<*6/ &/ @/8/&/P(%/(6J/D2% &/ ;A*D2% &' %*&/ '(':+�*6/R 1'(/ &',%+&'8!O8 8%&% ,681(', &' &6,A:6+ % 8%&'(% &' )*&'+,%* 4 ',+'C'*&% %, /A:%7',:/&%, &% G/86(:%*6/*% Ĥ %8 '*'+56/ E '8 :'+8%, &/ '01/*,2% ψ =

∑

i aiφi'8 FA' φi 4 / ;A*D2% &' %*&/ &' A8 '(4:+%* (%/(6J/&% *% ,9:6% i! ),,68 :'8%,S
Eai = Eiai +

∑

j

Tijaj. > !  BT'*&% ψ A8 ',:/&% *2% ',:/6%*U+6%3 %, %'V6'*:', aiWs &'1'*&'*:', &% :'81%3%?'&''+2% X 'FA/D2%S
− i~

dai
dt

= Eiai +
∑

j

Tijaj . > ! YBZ/8%, 6*C',:65/+ % /,% ,'8 &',%+&'83 %A ,'N/3 '8 FA' [\-! ]%&'8%, ,A1%+FA' %, 1%:'*6/6, ',:2% &6,:+6?A9&%, ,%?+' A8/ +'&' +'5A(/+3 */ FA/( ,K '06,:'8 %,



 !"! # $%&'(% &' )*&'+,%*   -'+.%, &'  !""#$% '*-+' %, z /+0.'0+%, 1020*3%, /4+4 4&4 ,6-0% i7 ,'*&% ',,', &'.',.4 .48*0-9&' T ! :',,4 ;%+.4 4 '<94=>%  ! ? &' @3A&0*8'+ &'/'*&'*-' &%-'./%7 -%+*4B,'
Eai = Eiai + T

j=z
∑

j=1

ai+j , C ! "D'. <9' T E % -'+.% &'  !""#$% '*-+' <94(<9'+ /4+ &' ,6-0%, &4 +'&'! F%+ ,0./(0B0&4&'7 ,4G'*&% <9' 4 '*'+804 Ei E 4 .',.4 '. -%&%, %, ,6-0%,7 %*,0&'+'.%, <9'/%,,90 14(%+ Ei = 0! F4+4 9.4 4&'04 9*0&0.'*,0%*4(7 4 '<94=>%  ! " ,' +'&92 4
Eai = T (ai−1 + ai+1), C ! HD<9' /%&' ,'+ ,%(90%*4&4 ',%(3'*&% an = a0 exp

ink! ),,0.7 %G-'.%, 4 +'(4=>% &'&0,/'+,>% /4+4 9.4 +'&' 9*0&0.'*,0%*4(I
E = 2T cos k. C ! JDF%+-4*-%7 4 G4*&4 /'+.0-0&4 E &4&4 /%+I −2T < E < 2T 7 %. (4+89+4 &' G4*&4

B = 4T ! :' .4*'0+4 8'+4(7 /4+4 9.4 +'&' &' &0.'*,>% d %. *K.'+% &' /+0.'0+%,1020*3%, z7 4 (4+89+4 &' G4*&4 E B = 2zT ! # 4,% 8'+4(7 ,'. ,0./(0L4=M',7 '. <9'
W 6= 0 ' T 6= 07 ;%0 4G%+&4&% /%+ )*&'+,%* 9-0(024*&% .E-%&%, /'+-9+G4-01%, /4+4
W ' T ! )*&'+,%* &'.%,-+%9 %. ',,' .%&'(% <9' ,' W/B ;%+ ,9L0'*-'.'*-'8+4*&'7 %%++' 9. -+4*,0=>% .'-4(B0,%(4*-' '. <9' -%&%, %, ',-4&%, *4 G4*&4,>% 'N/%*'04(.'*-' (%4(024&%,! # +0-E+0% <94(0-4-01% /4+4 'N0,-O*04 &' ',-4&%,&',(%4(024&%, E &4&% /%+I

W > B. C ! PD



 !"! # $%&'(% &' )*&'+,%*  -

./01+2  !"3 4+2*,/56% &' )*&'+,%*! 27 8%9'*/2( ;'+/<&/% %= (2+01+2 &' >2*&2
B! >7 8%9'*/2( 2('29<+/% %= (2+01+2 &' &',%+&'= W ! ?12*&% 2 (2+01+2 &' &'@,%+&'=W ,1;'+2+ 2 (2+01+2 &' >2*&2 BA %%++' (%2(/B256% /*&1B/&2 ;%+ &',%+&'=!C2=%, 2;+','*92+ D12*9/929/E2='*9' 2 %+/0'= &2 (%2(/B256%! F%*,/&'+'=%, %=%&'(% &' G(%H I-"℄ %= ;%9'*/2( ;'+/<&/%A ;%+ %*E'*/K*/2 % ;%9'*/2( +/,92@(/*% U(r) = 0A %1 ,'L2A 1=2 ,/91256% &' '(M9+%* (/E+'! F2,% ,'L2 /*9+%&1B/&2 1=2>2++'/+2 &' ;%9'*/2(A 2 ',,' '(M9+%*A 2 N1*56% &' %*&2 ,'+O ;2+/2(='*9' 9+2*,=/@9/&2 ' +'P'9/&2Q ,' N%+ /*9+%&1B/&2 &12, >2++'/+2, 2 %*&2 '('9+�
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4'56&(  !"7 46/01% )$ %/)( -%(-'8()(! 9 .(&:;$<&% λ ;$)$ ( -(&56&( <=.'( )(>6/01% )$ %/)( $ ? <(;@?; %/A$')% %;% %;.&';$/<% )$ -%(-'8(01%!-%(-'8()( $B.%/$/'(-;$/<$ $; 6;( .$C6$/( &$5'1%! 2 .&%@(@'-')()$ )$ $/%/<(&% $-?<&%/ )$(' $B.%/$/'(-;$/<$ %; ( )'+<:/'(D %6 +$E(D |ψ| ∼ e−|~r−~r0|/λ! 2C6(/<')()$ λD %/A$')( %;% %;.&';$/<% )$ -%(-'8(01%D .%)$ +$& 6+()( .(&((&(<$&'8(& 6; $+<()% $-$<&�/'% %;% +$/)% -%(-'8()% %6 )$+-%(-'8()%! *;5$&(-D .(&( 6; $+<()% )$+-%(-'8()%D /% -';'<$ <$&;%)'/:;'% λ→∞! !" #$%&'( )$ *+(-( .(&( ( #&(/+'01% )$ 2/)$&+%/G(;%+ (5%&( (.&$+$/<(& ( <$%&'( )$ $+(-( HI"℄ C6$ /%+ .$&;'<$ $/%/<&(& ( )$K.$/)L/'( )( <&(/+'01% )$ 2/)$&+%/ %; ( )';$/+1%! 2 A'.M<$+$ @N+'( )$++(<$%&'( ? C6$ 6;( O/'( C6(/<')()$ (&(<$&=+<'(D &%<6-()( )$ %/)6<:/'( 5$K/$&(-'8()( gD %/<&%-( ( <&(/+'01% ;$<(-K'+%-(/<$ )$ 2/)$&+%/ .(&( ( <$;.$&(<6&(
T = 0! P$++( (@%&)(5$;D ( <$%&'( )$ $+(-( >%' (.-'()( /( &$>%&;6-(01% )% ;%K)$-% )$ 2/)$&+%/ >$'<( .%& #A%6-$+ HIQ℄! P( &$>%&;6-(01% )$ #A%6-$+D (+ 6/')()$>6/)(;$/<('+ )$'B(; )$ +$& %+ +=<')%+ (<�;'%+ iD .(++(/)% ( +$& A'.$&6@%+ )$R%-6;$ Ld! S$++( >%&;(D 6; +M-')% &'+<(-'/% .(++( ( +$& >%&;()% .%& RN&'(+ ('B(+(%.-()(+! 2+ $/$&5'(+ W $ T D )% ;%)$-% )$ 2/)$&+%/D (5%&( +1% ;(.$()(+ &$+K



 !"! #$%&'( )$ *+(-( .(&( ( #&(/+'01% )$ 2/)$&+%/  ".$3'4(5$/3$ /% $+.(0(5$/3% 56)'% $/3&$ %+ /74$'+ ∆E $ $5 δE 89$ &$.&$+$/3(% )$+-%(5$/3% (9+()% .%& 59)(/0(+ /(+ %/)'0:$+ )$ %/3%&/%!;3'-'<(/)% % .&'/7.'% )$ '/$&3$<(= .%)$5%+ &$-('%/(& δE %5 ( %/)93'4')()$
σ /% -'5'3$ 5(&%+>.'%! 23&(46+ )% .&'/7.'% )( '/$&3$<( 3$5%+ ?@A℄C

δE = ~/tD, D ! EF+9.%/)% 89$ % $-63&%/ )'G9/)$ (36 %+ %/3%&/%+ )$ 95( ('H( )$ -()% L )$+&$4$/)%95 5%4'5$/3% (-$(3>&'% %9 I&%J/'(/% $5 95 3$5.% tD= 3$5%+ ( &$-(01%C
tD = L2/D, D ! KF$5 89$ D 6 ( %/+3(/3$ )$ )'G9+1%! L%5 % 9+% )( &$-(01% )$ *'/+3$'/ $/3&$ (%/)93'4')()$ $ (+ .&%.&'$)()$+ )$ )'G9+1%C
σ = eDn(E), D ! MF$ %5N'/(/)% (+ $89(0:$+  ! E=  ! K $  ! M 3$5%+C

δE =
σ~

e2(L2n(E))
. D !@OF2 )$/+')()$ )$ $+3()%+C

n(E) =
1

Ld∆E
. D !@ F2 &(<1% ∆E/δE /$++$ %/3$H3% 6 (P%&( 4'+3( %5% +$/)% ( G%&0( )$ )$+%&)$5)% +'+3$5(= (/Q-%P% ( &(<1%W/B )% 3&()''%/(- 5%)$-% )$ 2/)$&+%/! R .(&S5$3&%



 !"! #$%&'( )$ *+(-( .(&( ( #&(/+'01% )$ 2/)$&+%/  3

4'56&(  !37 8%9.%&:(9$/:% ;6(-':(:'<% )$ β(g) .(&( 69(= )6(+ $ :&>+ )'9$/+?$+!2.&$+$/:()% .%& 2@&(A(9+= 2/)$&+%/= B''(&)$--% $ C(9(D&'+A/(9 $9  EFE!)$ )$+%&)$9= )$/%:()% .%& g−1= .%++6' )$.$/)>/'( %9 ( $+(-( $ G )$H/')% .%&7
1

g(L)
≡

∆E

δE
. I !JJKL6@+:':6'/)% ( $;6(01% $;6(01%  !JM $  !J /(  !JJ = %@:$&$9%+ ( )$.$/)>/'()% .(&N9$:&% )$ %&)$9 %9 ( $+(-(7

g(L) = (~/e2)σLd−2. I !JOK2 $;6(01%  !JO G <P-')( .(&( % -'9':$ 9(&%+Q.'%= 69( <$R ;6$ ( $;6(01%  ! FG <$&)()$'&( /$++$ -'9':$! S .(&N9$:&% g .%)$ +$& <'+:% %9% 69( %/)6:N/'(



 !"! #$%&'( )$ *+(-( .(&( ( #&(/+'01% )$ 2/)$&+%/  34$/$&(-'5()( $6 7/')()$+ )$ e2/~8 9$/)% % 9$&6% Ld−2σ )$:/')% %6% ( %/)79;/<'( )$ 76 7=% )<)'6$/+'%/(- )$ -()% L $ %/)79'>')()$ σ! ?(6%+ '/>$+9'4(& ()$.$/)@/'( )$ g(L) %6 % %6.&'6$/9% )$ $+(-( 79'-'5()%! A%6 $++( :/(-')()$+7.%/)% B7$ g0 = g(L0) = δE(L0)/∆E(L0) +$C( ( %/)79;/'( 4$/$&(-'5()( .(&(76 +'+9$6( %6 >D&'%+ E'.$&7=%+ (%.-()%+ )$ >%-76$ Ld0! 2 9$%&'( )$ $+(-((++76$ B7$8 )()% g0 $6 76( $+(-( %6 %6.&'6$/9% L08 .%)$6%+ %=9$& g $676( $+(-( 6('%& L = bL0! F( /%>( $+(-( L8 % .(&;6$9&% g G %6.-$9(6$/9$)$9$&6'/()% %/E$$/)% g0 $ % H(9%& )$ $+(-( b! I(&( $J.-%&(& % %6.%&9(6$/9%)% .(&;6$9&% g %6 ( $+(-(8 >(6%+ %=9$& ( )$&'>()( -%4(&K9'6'( )$ g8 )$/%9()(.%& β $ $J.&$++( .%&L
β(g) =

dlng(L)

dlnL
. M !N"O2 :47&(  !P &$.&$+$/9( % %6.%&9(6$/9% B7(-'9(9'>% )( H7/01% β .(&( 76(8)7(+ $ 9&@+ )'6$/+Q$+! I(&( β .%+'9'>% % .(&;6$9&% g &$+$ %6 % &$+'6$/9%)$ L $ .(&( β /$4(9'>% g )$&$+$ %6 % &$+'6$/9% )$ L! ?(6%+ )$+&$>$& %%6.%&9(6$/9% )$ β8 %=+$&>(/)% % %6.%&9(6$/9% )$ g $6 +$7+ -'6'9$+ (++'/9R9'<%+8 %7 +$C(8 $6 g →∞ $ g → 0! I(&( % -'6'9$ 6(&%+R.'%8 $6 B7$ g G 4&(/)$8.%)$6%+ 7+(& ( $B7(01%  !NS $ .(&9'/)% )$++( &$-(01%8 %=9$&6%+ β $6 g →∞L

lim
g→∞

β(g) = d− 2, M !NPO%7 +$C(8
β(∞) =























+1 $6 d = 3

0 $6 d = 2

−1 $6 d = 1

M !N3OI(&( % (+% $6 B7$ g << 18 %7 +$C(8 H&(% (%.-(6$/9% $ H%&9$ )$+%&)$68 %



 !"! #$%&'( )$ *+(-( .(&( ( #&(/+'01% )$ 2/)$&+%/  34%)$-% )$ 2/)$&+%/ .&$56 78$ 9%)%+ %+ $+9()%+ +1% -%(-':()%+ $ )$($4 $;.%/$/<'(-4$/9$ %4 ( )'+9=/'(! >%+ %/9%&/%+ )$ 84( (';( )$ )'4$/+1% -'/$(& L? ((4.-'98)$ )( @8/01% )$ %/)( )$ 84 $-A9&%/ -%(-':()% )$/9&% )( (';( A )( %&)$4)$ e−γL? $4 78$ 1/γ A % %4.&'4$/9% )$ -%(-':(01%! B%4% % (%.-(4$/9% $/9&$(+ (';(+ 9(4CA4 .%++8' ( 4$+4( )$.$/)6/'( $;.%/$/'(- %4 L? ( %/)89=/'(D$/$&(-':()( g )$(' $;.%/$/'(-4$/9$? .%&9(/9%? 8+(/)% ( $78(01%  !E" 9$4%+78$F
lim
g→0

β(g) = ln(g), G !E3H.%&9(/9%? 9$4%+ % +$D8'/9$ &$+8-9()% 78$ '/)$.$/)$/9$ )( )'4$/+1%?
lim
g→0

β(g) = −∞. G !EIH2++84'/)% 78$ ( @8/01% β(g) A 4%/%9�/'( $/9&$ %+ -'4'9$+ )$ g → ∞ $
g → 0? .%)$4%+ &$.&%)8:'& @('-4$/9$ ( KD8&(  !L! MC+$&5$4%+ (9$/9(4$/9$ %%4.%&9(4$/9% )$ β .(&( d = 3! N%)$4%+ /%9(& 78$? .(&( $++( )'4$/+1% $;'+9$84 .%/9% K;% '/+9O5$- $4 β = 0 %4 g = gc! *4 gc? ( %/)89=/'( '/)$.$/)$/9$)( $+(-(? (&(9$&':(/)% 84( 9&(/+'01% 4$9(-<'+%-(/9$ )$ 2/)$&+%/! 2 .&'/'.(-%/-8+1% )( 9$%&'( )$ $+(-( A 78$ .(&( d < 3? $4 $+.$'(- $4 d = 1 $ d = 2? /1%$;'+9$ 9&(/+'01% 4$9(-<'+%-(/9$ $ 9%)%+ $+9()%+ +1% -%(-':()%+? .%'+ ( %/)89=/'(5(' +$4.&$ ( :$&% 78(/)% L→∞! *4 (/(-%D'( %4 (+ 9$%&'(+ )$ 9&(/+'0P$+ )$ @(+$)$ +$D8/)( %&)$4? ( %/)89'5')()$ $4 %&&$/9$ %/9Q/8( σDC $ % %4.&'4$/9%)$ -%(-':(01% λ? .&R;'4%+ )( $/$&D'( &Q9'( )$ 9&(/+'01% G !"#$#%& '()'H 9$4 84



 !"! #$%&'()% *' +,%-$' *, ./'&'  1%23%-4'2,54% 4$3% &,$ *, 3%465$'7
σDC ∝ (E −Ec)

s

λ ∝ (E − Ec)
−ν . 8 !9:;</ ='&%-,/ *%/ ,>3%,54,/ s = ν = 1 ?%-'2 5@2,-$'2,54, %A4$*%/ @/'5*% @2',>3'5/)% ,2 d+ǫ 3%- B,C5,- D9℄ , 4'2AF2 3%- 4F5$'/ *, ,>3'5/)% *$'C-'2G4$'3%- #%&&H'-* , B&I, D9℄! J,,54,2,54,K %5/$*,-'(L,/ /$/4,2G4$'/ *, ='-$G=,$/$--,&,='54,/ , %--,(L,/ 5)% &$5,'-,/ 5' 4,%-$' *, ,/'&' 462 -,M5'*% %/ -,/@&4'*%/K%A4,5*% % ,>3%,54, -N4$% %2 2'$%- 3-,$/)% 5@2F-$' ν ≈ 1.57 D9℄! !" #$%&'()% *' +,%-$' *, ./'&'O4F ,54)%K =$2%/ P@, ' 4,%-$' *, ,/'&' 3'-' % 2%*,&% *, O5*,-/%5 3-,=6 P@,4%*%/ %/ ,/4'*%/ /)% &%'&$Q'*%/ ,2 /$/4,2'/ *, A'$>' *$2,5/$%5'&$*'*,K %@ /,R'K,2 d ≤ǫn = V cos k|n|ν%5*, k = 2πα , α F @2 5W2,-% $--'$%5'& ,54-, 0 , 1 '3-,/,54' =G-$%/ '/3,T4%/ $54,-,//'54,/ DXY1℄! V'-' 0 < ν < 1 ,>$/4,2 ,/4'*%/ ,/4,5*$*%/ 5' ?'$>'



 !"! #$%&'()% *' +,%-$' *, ./'&'  1
−2 + V < E < 2 − V , ,/2'*%/ &%'&$3'*%/ 4'/ 5'$6'/ 2 − V < E < 2 + V ,
−2−V < E < −2+V 7'-' V < 28 ,49:'42% 9:, 2%*%/ %/ ,/2'*%/ /)% &%'&$3'*%/7'-' V > 2! ;'-' ν = 1 %/ ,/2'*%/ ,&,2-�4$%/ /)% &%'&$3'*%/ /, V > 2 , ,/2,4*$=*%/ /, V < 2! ;'-' 1 < ν < 2 2%*%/ %/ ,/2'*%/ /)% &%'&$3'*%/8 >'/ % %,?$,42,*, @A'7:4%B /, '7-%6$>' *, 3,-% 4% ,42-% *' C'4*'! D$4'&>,42,8 7'-' ν > 2% /$/2,>' /, %>7%-2' %>% :> >%*,&% *, E4*,-/%4 :4$*$>,4/$%4'& , 2%*%/ %/,/2'*%/ /)% ,67%4,$'&>,42, &%'&$3'*%/!.>  11F8 G:4&'7 , %&'C%-'*%-,/ HI℄ '2-'BK/ *% >%*,&% *,  !"# $%!&'!&" :4$*$=>,4/$%4'&8 ,/2:*'-'> :>' '*,$' %>7%/2' 7%- :>' &$L' C$4M-$'! E/ ,4,-L$'/ *%//N2$%/8 4,//, >%*,&%8 7%*,> '//:>$- B'&%-,/ ǫa , ǫb! O/ /N2$%/ *, ,4,-L$' ǫa /,>7-,'7'-,,> ,> 7'-,/ 8 2,4*% 7-%C'C$&$*'*, p *, '7'-,,- ,49:'42% ǫb 7-%C'C$&$*'*,
1− p! O 2,->% *, #())!&" ,42-, %/ 7-$>,$-%/ B$3$4P%/ K %4/2'42, , $L:'& ' t! D%$>%/2-'*% 4,//, 2-'C'&P% 9:, /, −2t < ǫa − ǫb < 2t % /$/2,>' '7-,/,42' :>' ,4,-=L$' -,//%4'42, ,> 9:, ' 5:4()% *, %4*' K *,/&%'&$3'*'! Q>' /K-$, *, 2-'C'&P%/,4B%&B,4*% %--,&'(R,/ 2$7% *N>,-%/ /:-L$-'> *,/*, ,42)% /,>7-, %> %/ >,/>%/-,/:&2'*%/S *$B,-LT4$' *% %>7-$>,42% *, &%'&$3'()% ,> '&L:>'/ ,4,-L$'/ -N2$='/ HUVWIU℄! E *$5,-,4(' 5:4*'>,42'& ,42-, % >%*,&% *, E4*,-/%4 %-$L$4'& , %/>%*,&%/ *, *N>,-%/ K ' ,6$/2T4$' *, %--,&'(R,/ 4'/ ,4,-L$'/ *%/ /N2$%/! X: ,;P$&&$7/ HUV℄ >%/2-'-'> 9:, ' *$/2-$C:$()% *, *,/%-*,> 4' 7%&$'4$&$4' K *,/-$2',6'2'>,42, 7%- ,/2, >%*,&% *, *N>,-%/ '&,'2Y-$%/! E ,6$/2T4$' *,//,/ ,/2'*%/,/2,4*$*%/ -,//%4'42,/ 5%-'> B,-$?'*'/ 7%- Z,&&'4$ * +, HII℄ ,> ,67,-$>,42%/%> /:7,-=-,*,/ *, *N>,-%/ '&,'2Y-$%/ [\'E/=E&\'E/]!.>  11^8 _%:-' , @A-' H`℄ ,/2:*'-'> :> >%*,&% *, E4*,-/%4 :4$*$>,4/$%4'&/:C/2$2:$4*% ' *,/%-*,> 2N7$' *% >%*,&% *, E4*,-/%4 7%- *,/%-*,> %--,&'=$%4'*'! a,/2, 2-'C'&P% % 7%2,4$'& 5%$ ,/%&P$*% ' 7%//:$- :> 2-'(% '-'2,-N/2$%



 !"! #$%&'()% *' +,%-$' *, ./'&' 12*, 34 4%5$4,67% 8-%96$'6% :-'$%6;-$%< 3=% ' *,6/$*'*, ,/>,7-'& ? *'*' >%-@
S(k) ∝

1

kα
, A !B2C,4 D3, S(k) ? ' 7-'6/:%-4'*' *, E%3-$,- *' :36()% %--,&'()% ,67-, *%$/ >%67%/

< ǫiǫj >! F >'-G4,7-% α 4,*, % H-'3 *, %--,&'()% *' /,D3I6$'! J'-' α = 0-,3>,-'K/, 34' /,D3I6$' %4>&,7'4,67, *,/%--,&'$%6'*'! L7-'5?/ *% :%-4'K&$/4% *, H-3>% *, -,6%-4'&$M'()%< N%3-' , OP-' QBR℄< 4%/7-'-'4 D3, >'-' α > 2,/7, /$/7,4' >%*, ,T$U$- 34' :'/, *, ,/7'*%/ ,/7,6*$*%/ 6% ,67-% *' U'6*'! .//,/-,/3&7'*%/ /)% $4>%-7'67,/< >%$/ >,&' >-$4,$-' 5,M :%$ '>-,/,67'*' 34' 5,-*'*,$-'7-'6/$()% 4,7'&K$/%&'67, ,4 /$/7,4'/ 36$*$4,6/$%6'$/! V' 4,/4' ?>%'< ,4  WWW<XM-'$&,5 , Y-%Z[$6 QB"℄ 4%/7-'-'4 7'4U?4 ' ,T$/7I6$' *, 7-'6/$()% *, L6*,-/%6>'-' /$/7,4'/ 36$*$4,6/$%6'$/ >%//3$6*% %--,&'()% *, &%6H% '&'6,< '7-'5?/ *%3/% *' 7,%-$' *, >,-73-U'()% *, /,H36*' %-*,4! L$6*' ,4  WWW< -,/3&7'*%/ /,4,K&['67,/ ' ,//,/ :%-'4 %U7$*%/ >,&% H-3>% *, XM-'$&,5 , Y-%Z[$6 Q"℄! \7$&$M'6*% 34'7,%-$' *, >,-73-U'()% *, /,H36*' %-*,4 %U7$5,-'4 34' 7-'6/$()% 4,7'&K$/%&'67,,4 /$/7,4'/ %4 *,/%-*,4 %--,&'$%6'*'! L >-,/,6(' *, 34' 5,-*'*,$-' :'/,4,7;&$' ,4 /$/7,4'/ %4 %--,&'(],/ *, &%6H% '&'6, 6' *$/7-$U3$()% *, *,/%-K*,4 5,4 ['4'6*% ' '7,6()% *' %436$*'*, $,67^_' , 4%7$5'6*% 43$7%/ ,/73*%/7,`-$%/ , ,T>,-$4,67'$/! J%*,4%/ $7'- ' %U/,-5'()% ,T>,-$4,67'& *, 7-'6/4$/K/)% *, 4$-%K%6*'/ ,4 H3$'/ -,7'6H3&'-,/ %4 ,/>'&['*%-,/ %--,&'$%6'*%/ QBa℄!V,//, ,T>,-$4,67%< %/ ,/>'&['*%-,/ %&%'*%/ 6% H3$' *, %6*'/< /)% >'-':3/%/ 4$K-%4?7-$%/ A5,- _H3-'  !aC3='/ *$4,6/],/ /)% %--,&'$%6'*'/! .&,/ ,6%67-'-'434' :'$T' *, :-,D3I6$'/ Qω1
c ,ω

2
c ℄ %6*, %/ 4%*%/ /)% 7-'6/4$7$*%/!V% %67,T7% *, %6*'/ &;//$'/< 34' /?-$, *, 7-'U'&[%/ 7,4 /$*% '>-,/,67'*%/



 !"! #$%&'()% *' +,%-$' *, ./'&' 1 

2$34-'  !56 78'-'9% ,:8,-$;,<9'& *% 34$' *, %<*' 4/'*% <' -,=,-><$' ?@5℄!;%/9-'<*% ' 8-,/,<(' *, 9-'</$()% *, 7<*,-/%< ,; /$/9,;'/ 4<$*$;,</$%<'$/! .;1BBCD E'F$;$ , %&'G%-'*%-,/ ? B℄D '8-,/,<9'-'; -,/4&9'*%/ 8'-' ' 8-%8'3'()%*, %<*'/ 'H/9$'/ ,; /$/9,;'/ 4<$*$;,</$%<'$/ %; %--,&'(I,/ 9$8% *J;,-%/ <'*$/9-$G4$()% *, *,/%-*,;! 79-'KL/ *% ;L9%*% *' ;'9-$M 9-'</=,-><$'D N&4&%'<'&J9$% , *$=,-,<(' O<$9'D ;%/9-'-'; ' ,:$/9><$' *, 4; ,/9'*% ,/9,<*$*% 8'-'4;' =-,P4><$' *, -,//%<Q<$' ωc! R K'&%- *, ωc *,8,<*, *$-,9';,<9, *% 9$8%*, *J;,-% 49$&$M'*%! S-%8'3'()% *, %<*'/ 'H/9$'/ ,; ;,$%/ %; %--,&'(I,/9$8% &,$ *, 8%9><$' 9';GL; K>; /,<*% ,/94*'*'/ '9-'KL/ *, ;L9%*%/ *, 3-48%*, -,<%-;'&$M'()% G,; %;% ;L9%*%/ <4;L-$%/ ?  T U℄! V,/4&9'*%/ $<*$'; ',:$/9><$' *, ,/9'*%/ 'H/9$%/ ,/9,<*$*%/ 8'-' P4'$/P4,- *$;,</I,/ 9%8%&W3$'/!X%</$*,-'<*% ,//, %<9,:9%D <,//' *$//,-9'()%D ,/94*';%/ '9-'KL/ *% ;L9%*%*' ;'9-$M 9-'</=,-><$' , *$=,-,<(' O<$9'D %/ ,=,$9%/ *'/ *$/9-$G4$(I,/ *, ,&'/9$$Y*'*,/ <)%Y8,-$W*$'/ <'/ 8-%8-$,*'*,/ *, 9-'</;$//)% 'H/9$' ,; G'$:' *$;,<Y/$%<'&$*'*,! #';%/ '*'89'- *$/9-$G4$(I,/ <)% 8,-$W*$'/ ZN ,/94*'*'/ 8-,K$';,<9,,; /$/9,;'/ P4Q<9$%/ ,&,9-�<$%/ , ;'3<L9$%/ ?U\ @]\ @C℄ 8'-' /$/9,;'/ ,&N/9$Y%/ 4<$*$;,</$%<'$/! ./9';%/ $<9,-,//'*%/ ,; *4'/ &'//,/ ,/8,JO'/6 /,P4><$'/%; %--,&'(I,/ *, &%<3% '&'<, 9$8% ;%K$;,<9% ^-%_<$'<% =-'$%<N-$% , G,;



 !"! #$%&'()% *' +,%-$' *, ./'&' 11%2% /$/3,2'/ '4,-$5*$%/! 6% '4738&% 19 :'2%/ '4-,/,;3'- ;%//' ';<&$/, /%=-,3-';/4%-3, *, %;*'/ '>/3$'/ ,2 /$/3,2'/ %2 %--,&'(?,/ *, &%;@% '&';, , ;%'4738&% A ,2 /$/3,2'/ '4,-$5*$%/! B%- C29 82 =-,:, '4738&% %2 '/ %;&8/?,/ ,4,-/4,3$:'/9 , 82 ';,D% %;3,;*% %/ '-3$@%/ 4-%*8E$*%/ *8-';3, ,/3' *$//,-3'()%!



 !"#$%&' (
)* +),-+.�* 01 *20+3+ 435, +3 16 7*512 ,+,3 *6  *881)+.�* 01 )*29*+) +2 1
 ! #$%&'(! #)&*+,!+- *.$(#)#/!0 # ,/$!+&1),# 2! *0&'2! 0!3+* ! *4*,&! 2* 2*0!+52*/ */ 2,6*+0!0 0,0&*/#07  *0&* #$%&'(! #$+*0*)&#+*/!0 '/ *0&'2! )'/8+,! 2#*9'#:;! 2* !)2# #<0&,# )# $+*0*):# 2* '/# 2,0&+,3',:;! 2* *(#0&,,2#2* !/ !+5+*(#:=*0 2* (!)>! #(#)*7 ?/ )!00! *0&'2! 6#/!0 >*+#+ # !)0&#)&* *(@0&,# *4*&,6#2! /*,! #&+#680 2! &+#:! 2* '/ /!6,/*)&! A+!B),#)! 4+#,!)@+,!7 A#0,#/*)&*6#/!0 !)0&+',+ '/# 2,0&+,3',:;! 9'* $!00', 2*)0,2#2* *0$*&+#( S(k) = k−α- */9'* k = 1/λ * λ 8 ! !/$+,/*)&! 2* !)2# 2#0 /!2'(#:=*0 2# 2,0&+,3',:;!7 C$#+1/*&+! α /*2* ! >+#' 2* !++*(#:;! 2# 2,0&+,3',:;!7 S(k) 8 !3&,2! &!/#)2! #&+#)04!+/#2# 2* D!'+,*+ *)&+* 2!,0 $!)&!0 < ǫiǫj >7 E/# 2#0 4!+/#0 /#,0 0,/$(*0FG



 !"! #$%&'$()$*+, -./-&0'$- ,2 ,''/.-*+, 3/ .,45, -.-4/  63/ 5/'-' /%%/ &$7, 3/ 3$%&'$()$*+, 8 -&'-98% 3, 2,9$2/4&, :',;4$-4, <'-$,4='$,>?:@A B)/ %/'= -7'/%/4&-43, 4- 7'0C$2- %/*+,! D70% /4&/43/' ,2, 5/'-' 4)E2/'$-2/4&/ )2- 3$%&'$()$*+, ,2 ,''/.-*F/% 3/ .,45, -.-4/ 9-2,% $4&',3)G$' -2/%2-H ,2, %/43, -% ,4%&-4&/% /.=%&$-% 4- /B)-*+, 3/ ,43- -I%&$- / /%&)3-', /</$&, 3/%&- ,''/.-*+, )%-43, 28&,3,% 4)28'$,% )%)-$% J"K℄! !" #$%&'$()$*+, -./-&0'$- ,2 ,''/.-*+, 3/ .,45,-.-4/M/4/'-.$G-43, , ,4/$&, 3/ <)4*+, -./-&0'$- x(t)H ?-43/.(',& JNOP 6K℄ $4&',3)G$), ,4/$&, 3/ 2,9$2/4&, :',;4$-4, <'-$,4='$, >?:@A B)/ &/2 %$3, )&$.$G-3, 7-'-5/'-' %/B)Q4$-% -./-&0'$-% ,''/.-$,4-3-%! R,4%$3/'-43, B)/ BH(t) '/7'/%/4&- -7,%$*+, 3- 7-'&S).- B)/ 3/%'/9/ )2 2,9$2/4&, :',;4$-4, <'-$,4='$, /2 )2$4%&-4&/ t / ,4%$3/'-43, B)/ BH(t = 0) = 0H &/2,% B)/ - <)4*+, C(t) B)/ 2/3/ -,''/.-*+, /4&'/ ,% $4'/2/4&,% (BH(0)−BH(−t)) / (BH(t)−BH(0))H 8 '/.-$,4-3-,2 , /C7,/4&/ 3/ T)%&H ,2, - %/5)$'U
C(t) = [

< −BH(−t)BH(t) >

BH(t)2
] = (22H−1 − 1). > !"AV(%/'9/ B)/ C(t) = 0 7-'- &,3, $4%&-4&/ 3/ &/27, B)-43, H = 1/2H ,) %/W-H7-'- , -%, 3/ )2 2,9$2/4&, :',;4$-4, %$27./%! X-'- H 6= 1/2H ,% $4'/2/4E&,% /4&'/ ,% /9/4&,% 7,%%)$ ,''/.-*+, 3$</'/4&/ 3/ G/', 7-'- B)-.B)/' $4%&-4&/ 3/&/27,! Y)-43, &/2,% B)/ H > 1/2 , 2,9$2/4&, 8 7/'%$%&/4&/H ,) %/W-H %/ --2$4Z-3- %,<'/) '/%$2/4&, 4, 7-%%-3, /4&+, ,% $4'/2/4&,% 4, <)&)', &/43/2- %/' 7,%$&$9,%! [= 7-'- - %$&)-*+, /2 B)/ H < 1/2H , 2,9$2/4&, 8 -4&$7/'%$%E



 !"! #$%&'$()$*+, -./-&0'$- ,2 ,''/.-*+, 3/ .,45, -.-4/  6&/4&/ $43$-43, 7)/ $4'/2/4&,% 4/5-&$8,% 4, 9-%%-3, $29.$-2 /2 $4'/2/4&,%9,%$&$8,% 4, :)&)', / 8$/;8/'%-!<-'- 5/'-' )2- %='$/ &/29,'-. -./-&0'$- ,2 /%9/&', (/2 3/>4$3,? 8@'$,%-)&,'/% AB"CB6℄ &/2 )%-3, - &'-4%:,'2-3- 3/ E,)'$/' 3$%'/&-? ,(&/43, - '/.-*+,F
xi =

N/2
∑

k=1

(S(ωk)∆ω)
1/2 cos(ωktn + φk). G ! HI $29,'&-4&/ %-.$/4&-' 7)/ , ')J3, 4- %='$/ xi = ,'$5$4-3, -, ,4%$3/'-' 7)/-% N/2 :-%/% φk -%%)2/2 8-.,'/% )4$:,'2/2/4&/ 3$%&'$()$3,% 3/ :,'2- -./-&0'$-4, $4&/'8-., [0,2π]! K% :'/7)L4$-% ωk? %+, 2M.&$9.-% 3- :'/7)L4$- :)43-2/4&-.

∆ω = 2π/T ? ,) %/N-? ωk = k∆ω! O,4%$3/'-43, 7)/ - 9-'&J).- %/N- ,(%/'8-3-4, &/29, ti = iτ ? / 7)/ &/4P- N 8-.,'/% /2 )2 9/'J,3, T ? -%%$2 T = Nτ !K%%)2$43, 7)/ S(ωk) = 1/ωαk / /%,.P/43, 9,' ,48/4$L4$- τ = 1? ,(&/2,%F
xi =

N/2
∑

k=1

[

k−α
∣

∣

∣

∣

2π

N

∣

∣

∣

∣

1−α
]

cos

(

2πik

N
+ φk

)

. G !QHR 9-'S2/&', α ,4&',.- , 5'-) 3/ ,''/.-*+, 3- 3$%&'$()$*+, / /%&@ '/.-$,4-3,,2 , /T9,/4&/ 3/ U)%& 3- :,'2- α = 2H+1! V)-43, &/2,% α = 0? - %/7)L4$- =-./-&0'$-? ,2 ')J3, ('-4,? ,) %/N-? %/2 ,''/.-*W/% /4&'/ ,% /8/4&,%! <-'- , -%,/%9/$-. /2 7)/ α = 2 '/)9/'-2,% - %/7)L4$- &J9$- 3/ 2,8$2/4&, X',Y4$-4,%$29./%! <-'- %$2).-' %$%&/2-% /.@%&$,% 7)/ 9,%%)/2 3$%&'$()$*+, 3/ /.-%&$$3-3/,2 ,''/.-*W/% 3/ .,45, -.-4/? 8-2,% )&$.$Z-' - %/7)L4$- xi -&'-8=% 3, )%,3/ )2- &'-4%:,'2-3- P$9/'(0.$- 7)/ 4+, -.&/'- , ,29,'&-2/4&, &J9$, 3/ ./$3/ 9,&L4$- 3- 3/4%$3-3/ /%9/&'-. 3- %='$/! #/%&- :,'2- 5/'-2,% xi '/%&'$&- -,



 !"! #$%&'$()$*+, -./-&0'$- ,2 ,''/.-*+, 3/ .,45, -.-4/  6$4&/'7-., −1 ≤ xi ≤ 18
xi = tanh





N/2
∑

k=1

1

kα/2
cos

(

2πik

N
+ φk

)



 .  !"#$%& N/2 '(&)& φk &*+ ,)-(.(& .) '+-/( 012'+-/) )/ 0/ 213)-4(5+ [0,2π]6 φk 7 + 812+3)-/+ )&3+:&32+ .( &7-2)" ; 2/<+-3(13) 5)/=-(- >0) + <(-?/)3-+ α 7 + 3)-/+>0) +13-+5( + ,-(0 .) +--)5(@*+ .( &)>0A12(" B(-( +=3)-/+& 0/( &)>0A12( +/4(-2?12( 21.)<)1.)13) .+ 3(/(1C+ .+ &2&3)/(6 (& +1&3(13)& )5:&32(& ηi '+-(/)&+5C2.(& .) /(1)2-( ( /(13)- ∆ηi = constante ) )423(- 4(5+-)& 1),(324+& 1(.2&3-2=02@*+6 <(-( +& <-2/)2-+& )&30.+&6 +1&2.)-(/+& ∆ηi = 1" B(-( &(32&'(D)- ()&&(& +1.2@E)&6 )&+5C)/+& ηi .( '+-/(F
ηi = 2 +

xi
∆x

.  !"G$H( I,0-( !"J 7 /+&3-(.+ ηi × i <(-( .2')-)13)& ,-(0& .) .)&+-.)/  α =

0.0, 1.0, 2.0 ) 3.0$ <(-( (.)2(& .) 3(/(1C+ N = 214" %<K& 3)- .)I12.+ ηi 4(L/+& )&30.(- 10/)-2(/)13) ( <-+<(,(@*+ .) /+.+& (8&32+& (3-(47& .( &+50@*+10/7-2( .( )>0(@*+ .) +1.( J"G" M(/+& (<52(- (57/ .+ /73+.+ .) /(3-2D .)3-(1&')-A12(6 (<52(.+ 1+ (<N305+ (13)-2+-6 0/ '+-/(52&/+ .) .2')-)1@( I123( >0)<)-/23) ( &+50@*+ 10/7-2( .2-)3( .( )>0(@*+ <(-( 0/( +1.2@*+ 2122(5 ,)-(5" O/73+.+ &)-: .)&-23+ ( &),02-"
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*#-.&)  !/0 1%2.3'#)5 -%&)6)5 7%8) %2.)(9:  !; :< N = 214 % 7)&=<%+&:5 6%:&&%8)(9: α = 0, 1, 2 % 3.0 ! ! "#$%&%'() *#'#+)><) 6#5&%+#?)(9: 6) $.'(9: ψ(x,t) @ :A+#6) :'5#6%&)'6: )7%')5 :5 B)8:&%5 ψni%< .< C'#+: 'D<%&: 6% 7:'+:5 (xi,tn) %< 2.% x = i∆x % t = n∆tE 5%'6: ∆x % ∆t: %57)()<%'+: 6) &%6% ': %57)(: 6) 7:5#(9: % ': +%<7:E &%57%+#B)<%'+%! F)&) )6%5&#(9: <)+%<G+#) 6% ψ ': +%<7: % ': %57)(:E .5)<:5 ) 6%':+)(9: 6% 5%'6: i&%$%&%'+% ): %57)(: % n ): +%<7:!H:'5#6%&)'6: .<) %I7)'59: %< 5@&#% 6% J)K8:& % 6%57&%?)'6: +%&<:5 6% )8+):&6%< +%<:50



 !"! #$%&'()*+%  ,

-./&0)  ! 1 2.%0$(.4)56+ *+ $%7)5+ $ ($87+!
∂2

∂t2
ψ(x,t) ≈

ψn+1
i − 2ψni + ψn−1i

∆t2
, 9 !:;$ 7)0) ) *$0.<)*) $%7).)'=

∂

∂x
[η(x)

∂ψ(x,t)

∂x
]≈

1

∆x2
[ηi(ψ

n
i+1 − ψni )−ηi−1(ψ

n
i − ψni−1)]. 9 !>;?8 @+%%)% %.8&')5A$% + $%7)5)8$@(+ $@(0$ +% %B(.+% <.4.@C+% D ∆x = 1! E)0)/)0)@(.0 $%()F.'.*)*$ &%)8+% ∆t ≤ ∆x/100!G H/&0)  !" $I.F$ ) 0$70$%$@()56+ *+ $%7)5+ $ *+ ($87+ $8 H@.() *.J$0$@5)! !" #$%&'()*+%K$%() %$56+ <)8+% )70$%$@()0 @+%%+% 70.@.7).% 0$%&'()*+% ) 0$%7$.(+ *+ +87+0L()8$@(+ *+% 8+*+% )M%(.+% $8 8$.+% N&$ 7+%%&$8 +00$')56+ *$ '+@/+ )')@$!G H8 *$ .@<$%(./)0 ) @)(&0$4) *+% $%()*+% )M%(.+% $8 8$.+% +8 +00$')56+
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-./&0)  !"1 234'.(&*$ *$ &3) +5*) .5.*$5($ %$5+.*)' )+ '+5/+ *$ &3 3$.+ 7+83+/95$+ :ηi = 2 4)0) ;&)';&$0 <)'+0 *$ i= $3 t = 105∆t!*$ '+5/+ )')5$> )'&')3+% + +340.3$5(+ *$ '+)'.?)@A+ 4)0) *.<$0%+% /0)&% *$+00$')@A+ &(.'.?)5*+ + 3B(+*+ *) C)(0.? D0)5%E$095.) FG )40$%$5()*+! H(.'.?)3+%
105 *$%+0*$5% +5I/&0).+5).% 4)0) +J($0 + +340.3$5(+ *$ '+)'.?)@A+ $3 E&5@A+*) E0$;&95.)> *$5+()*+ 4+0 λ(ω)!K3 /$0)'> 5+ +5($L(+ *$ '+)'.?)@A+ *$ +5*)%> + G'&'+ *+ +340.3$5(+ *$'+)'.?)@A+ ($3 4$03.(.*+ 3)4$)0 0$/.M$% $%4$(0).% $3 ;&$ + 3$.+ %$ +34+0()*$ E+03) 3$(G'.) +& .%+')5($! N+0 .%%+> B +5<$5.$5($ )5)'.%)03+% λ(ω)/N !O$F)3+% ) I/&0)  !P> ($3+% λ/N <$0%&% ω 4)0) N = 214 $ N = 217 +3" *.E$0$5($% /0)&% *$ +00$')@A+1 α = 0.0, 1.0 $ 3.0! N+*$3+% 5+()0 ;&$> $3
ω = 0> .5*$4$5*$5($3$5($ *+ ()3)57+ *+ %.%($3) $ *+ /0)& *$ +00$')@A+> 5$%%)E0$;&95.)> (+*+% +% +340.3$5(+% *$ '+)'.?)@A+ +.5.*$3! Q+3 α = 0.0 $ 1.0
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t ] cos(ω0t) +4 σt = 20 $ ;0$<&96.) ω = 1.0!<&$7 5)0) + 0$/.4$ *$ ;+0($ +00$')=>+ + 4$.+ %$ (+06) +6*&(+07 5$04.(.6*+ )50+5)/)=>+ *) +6*) )?%(.) )+ '+6/+ *) )*$.)7 @A 5)0) α = 1.0 0$/.4$ *$ B).C)+00$')=>+7 (+*) +6*) D 0$E$(.*) 6+ .6F.+ *) 0$*$!G)0.)4+% ()4BD4 + (.5+ *$ +6*) .6.*$6($7 +6%.*$0)4+% ) .6.*96.) *$ &45&'%+ ψ(0,t) = exp[−(t−t0)

2/2σ2
t ] cos(ω0t) +4 σt = 1/σω = 20 $ ω = 1.0! 3 :/&0) !1 0$50$%$6() ) 50+5)/)=>+ 5)0) .6%()6($% *$ ($45+ t1 = 50000∆t7 t2 = 100000∆t7

t3 = 200000∆t $ t4 = 300000∆t ) 5)0($ )H 5)0) &4 4$.+ $4 <&$ α = 0.0 $ BH 5)0)
α = 3.0! I+()4+% <&$7 5)0) α = 0.07 %.(&)=>+ *$ *$%+0*$4 %$4 +00$')=>+7 6>+



 !"! #$%&'()*+% ",

0 1 2 3
ω

0

10

20

30

40

A
(ω

)

α=3
α=0

e)

-./&0)  !12 34($4%.*)*$ $%5$(0)' A(ω) *$ ψ 4) 5+%.78+ L = 20000 )'&')*+%&%)4*+  9 0$)'.:)7;$% *$ *$%+0*$<!=> 50+5)/)78+? +<+ @> $%5$0>A)<+%? $ 5)0) α = 3.0 ) +4*) )B%(.) 50+5)/)C%$4+ <$.+ D+0($<$4($ +00$').+4)*+? +00+E+0)4*+ + 0$%&'()*+ *) +4*) .4.*$4($%$4+.*)'!F&%)4*+ )(0)AG% *) *.4H<.) *+ %.%($<)? $4+4(0)0 ) D0$I&J4.) 0K(.) ωc I&$%$5)0) +% <+*+% 50+5)/)4($% *+% '+)'.:)*+%? )'&')<+% ) .4($4%.*)*$ $%5$(0)'
A(ω) *) .4.*J4.) *$ A>0.+% 5&'%+% *$ +4*) $< &<) 5+%.78+ LM) 4) 0$*$! N D&478+
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