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Abstract

In this work, the difference-frequency (DF) generation in the scattering of two acous-

tic waves by a sphere in the Rayleigh limit is theoretically analyzed. A multipole

series is derived for the DF scattered pressure at the farfield by applying the method

of successive approximation and the Green’s function technique to the Westervelt’s

nonlinear wave equation. In the Rayleigh limit, this series has only the monopole,

dipole, and quadrupole moments. These moments depend on the nonlinear interac-

tion of the primary incident and scattered waves. Theoretical results are obtained

for the case of two intersecting plane waves localized within a spherical spatial re-

gion. The radius of the interaction region is assumed to be much smaller than the

distance from the scatterer to observation point (radial distance). A similar config-

uration is found in vibro-acoustography imaging system. The directive patterns of

the DF scattered field are illustrated for plane waves intersecting at 0◦, 45◦, 90◦, and

180◦. The center- and differece-frequencies of the waves are 1.5 MHz and 50 kHz,

respectively, while the spherical scatterer radius is 0.125 mm. These frequencies are

typically used in vibro-acoustography. The behavior of the DF scattered pressure

is also analyzed for two colinear plane waves with varying radial distance from the

scatterer, center- and the difference-frequency. Results indicate that the interaction

of the primary scattered waves is the main process behind difference-frequency gen-

eration for most parameter combinations chosen here. Based on this conclusion, we

will also discuss the DF generation process in vibro-acoustography.

Keywords: Difference-frequency Generation, Rayleigh Scattering, Nonlin-

ear Scattering.
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Resumo

Neste trabalho, é analisado teoricamente a geração de diferença de frequência (DF)

de duas ondas acústicas por uma esfera no limite de Rayleigh. Uma série de mul-

tipolos é derivada para a pressão espalhada da DF no campo distante aplicando o

método de aproximações sucessivas e técnica de função de Green para a equação de

onda não-linear de Westervelt. No limite de Rayleigh, a série contêm apenas mo-

mentos de monopolo, dipolo e quadrupolo. Estes momentos dependem da interação

não-linear da onda primária incidente e das ondas espalhadas. Os resultados teóri-

cos são obtidos para o caso de interseção de duas ondas planas localizadas dentro de

uma região espacial esférica. O raio da região de interseção é assumido como sendo

muito menor do que a distância a partir do espalhados para o ponto de observação

(distância radial). Uma configuração similar ao encontrado no método de imagea-

mento de vibro-acustografia. Os padrões diretivos do campo espalhado de DF são

ilustrados para interseção de ondas planas a 0◦, 45◦, 90◦, e 180◦. A frequência-central

e a DF são 1.5 MHz e 50 kHz, respectivamente, enquanto que o raio do espalhador

é de 0.125 mm. Essas frequências são tipicamente usadas em vibro-acustografia. O

comportamento da pressão espalhada de DF é também analisado para duas ondas

planas colineares variando a distância radial a partir do espalhador, da frequência-

central e DF. Os resultados indicam que a interação das ondas primárias espalhadas

é o principal processo que explica a geração de diferença de frequeência para a maio-

ria das combinações escolhidas neste trabalho. Baseado nesta conclusão, também é

discutida o processo de geração de DF em vibro-acustografia.

Palavras-chave: Geração de Diferença de Frequência, Espalhamento de

Rayleigh, Espalhamento não-linear.
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Chapter 1

INTRODUCTION

1.1 Historical Background

Although nonlinear acoustics have considerably evolved in the last 40 years, the

scientific investigation of this field dates back as early as 1750s1. The nonlinear

wave equation for finite-amplitude in fluids was developed nearly at the same time

as the linear wave equation for infinitesimal amplitude signals. In the first 200 years

progress was not so fast. Two main reasons may explain this fact. Primarily, the

ordinary linear acoustic does an outstanding job in explaining several acoustical

phenomena. Second, the mathematical machinery necessary to tackle nonlinear

wave propagation problems has been a very difficult lock to pick.

Over the past fifty years, nonlinear acoustics has developed into a vigorous

and distinctive branch of science with several applications to technology2. The

subject covers a wide range of topics, including steady finite amplitude waves in

supersonic aerodynamics3, weak shock theory4, bubble dynamics and cavitation

in liquids5. The practical applications are increasing: the nonlinear parametric

1
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array devised by Westervelt6 for the production of a highly directional low-frequency

beam in water or air; the use of ultrasonics in biomedical imaging7 and engineering

nondestructive testing8.

1.2 Difference-frequency Generation

The nonlinear combination of harmonic waves of distinct frequencies gives rise to

secondary waves at higher harmonics as well as the sum- and difference- frequency

components. The difference-frequency generation (DFG) in acoustics is a well known

phenomena since the 18th century9. When two plane waves (primary) of finite

amplitude are superimposed in space, they generate a difference frequency wave

whose amplitude is proportional to the distance from the wavefront to the acoustic

source10. This phenomenon is knows as "scattering of sound by sound"11. When

the primary waves propagate in the same direction, the DFG is known as parametric

array effect.

In 1963, Westervelt proposed a theoretical framework where two high-frequency

and highly collimated sound beam interact nonlinearly generating the difference-,

sum-frequency and high order harmonics of the primary waves. He does proposed

the concept of the parametric acoustic array6. The applications of parametric arrays

are seen in underwater acoustics12, nonlinear acoustic tomography13, and audiospot-

light14. This generation happens because the incident and scattered primary waves

interact nonlinearly throughout the space up to the observation point. Another ap-

plication of the DFG is found in some acoustical imaging methods such as nonlinear

parameter tomography15,16 and vibro-acoustography17,18.
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Vibro-acoustography imaging method represents a new application of the

DFG. This method employs two tightly focused ultrasound beams (in MHz range).

The frequency of the beams are slightly different (in kHz range). The DFG in the

beams interaction process within biological tissue is used to form an image of the

region of interest. The difference-frequency signal from the focal zone is acquired

by a sensitive acoustic detector which is recorded and processed to synthesize the

image. The interaction process might be influenced by the nonlinear interaction of

the primary scattered waves due the presence of the inhomogeneities in the medium.

1.3 Rayleigh Scattering

In the presence of an inclusion, the DFG might be enhanced by two mechanisms.

Firstly, incident waves will produce a radiation force by linear and nonlinear in-

teractions with the inclusion19,20. In turn, the inclusion is set in motion emitting

waves whose frequencies correspond to the components present in the dynamic force.

Secondly, the primary waves (incident and scattered) associated to the fundamental

frequencies will interact between themselves yielding secondary waves.

When the scatterer target is much smaller than the incident wavelengths,

the scattering problem approaches to the Rayleigh limit. This kind of scattering

is a well-known phenomenon in Electromagnetics21, which has been subjected to

considerable study for more than a Century. Lord Rayleigh developed the concept

of scattering22 and his contributions in this area provided the foundation of which

almost all subsequent work is based23,24. In our work, the theoretical framework

presented to the difference-frequency generation is analyzed as nonlinear acoustic
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scattering by ultrasound beams upon a small sphere, i. e., the Rayleigh limit.

1.4 Motivation

The role of the DFG seems to have been underestimated in vibro-acoustography25.

This gave us the stimulus to theoretically investigate the DFG in acoustic scattering.

With this motivation, we perform an analysis of nonlinear acoustic scattering by a

small sphere (Rayleigh limit). This problem has not yet been investigated before.

So far, difference frequency generation in scattering process can be divided into two

categories. In the scattering by a moving target26,27, the difference-frequency takes

place due to the interaction of the incident wave with the radiation caused by the

vibration (breathing mode) of the scatterer. In contrast, two or more incident plane

waves scattered by a fixed target may produce difference-frequency waves as the

incident and scattered waves nonlinearly interact28,29.

1.5 Purpose of this work

Our study aims at obtaining the solution of the DFG in the scattering of two plane

waves by a small sphere. The difference-frequency pressure is obtained solving the

Westervelt nonlinear wave equation6 through the method of successive approxima-

tions along with the Green’s function technique. The primary incident and scattered

pressures are represented through the partial wave expansion in spherical coordi-

nates. In the Rayleigh limit, the difference-frequency scattered wave is expressed

by a multipole series, which has only a monopole, dipole and quadrupole moments.

The directive pattern of the scattered pressure is analyzed for two plane waves inter-



1 List of Publications 5

secting at the following angles at 00, 450, 900 and 1800. The incident waves interact

within a spherical region whose radius is assumed to be much smaller than the ra-

dial distance to the scatterer. A special attention is drawn for the scattering of

two collinear plane waves. Different arrangements with varying parameters such as

radial distance to the spherical scatterer, center- and difference-frequency are con-

sidered. The center- and the difference-frequency are chosen within 0.5 ∼ 1.5MHz

and 10 ∼ 300kHz, respectively.

1.6 List of Publications

1.6.1 Conferences

• XVI Congresso Brasileiro de Física Médica. Vibro-acustografia de Multifre-

quência Baseada em Harmônicos de Diferença de frequência. São Paulo–SP,

2009.

• XI Latin American Workshop on Nonlinear Phenomena. Difference-frequency

Generation in Nonlinear Acoustics. Búzios–RJ, 2009.

• XXXIII Encontro Nacional de Física da Matéria Condensada. Spectral anal-

ysis of multiple difference-frequency generation in nonlinear acoustics. Águas

de Lindóia–SP, 2010.

1.6.2 Articles

• A. Bandeira, G. T. Silva. Difference-frequency generation in nonlinear scat-

tering of acoustic waves by a rigid sphere. Ultrasonics. Published



Chapter 2

NONLINEAR WAVE

PROPAGATION

When two finite amplitude sound waves interact in a fluid, the phenomenon of gen-

eration of sound waves occurs. The frequencies of these generated sound beams

corresponds to the sum and difference frequency of the primary waves. This phe-

nomenon is well known as "nonlinear interaction of sound waves" or the "scattering

of sound by sound"14. Taking account the Lighthill’s arbitrary fluid dynamics equa-

tion30, Westervelt derived a second order inhomogeneous wave equation6 which is

satisfied by the with nonlinear interaction. The present work is based on the West-

ervelt equation due its description of the nonlinear wave motion in a homogeneous

fluid.

In sec. 2.1 we present the characteristics of our fluid and take a brief derivation

of the Westervelt equation. Treating the fluid as weakly nonlinear, in sec. 2.2, we

take the secondary generated field as a perturbation and split the equation into a

system of linear wave equations using the method of successive approximations.

6
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2.1 Westervelt Equation

Let us consider a weakly thermoviscous and homogeneous fluid at rest. The wave

dynamics in the fluid is characterized as the excess of pressure p and the particle

velocity v = −∇φ with φ being the potential function. These fields are functions

of the position vector r and the time t. The steady state of the fluid represents the

ambient density as ρ0, pressure p0 and v = 0. The excess of pressure is given in

terms of the potential function as31

p = ρ0
∂φ

∂t
− L (2.1)

where L is the second-order Lagrangian density for the wave motion given by

L =
1

2
ρ0v

2 − p2

2ρ0c20
=
ρ0
4
�2φ2 (2.2)

which appears as a natural variable in the equations, the variable c0 is the small

amplitude speed of sound, v2 = v · v, and �2 = ∇2 − (1/c20)(∂/∂t)
2.

Starting from the basic equations, equation of motion and equation of con-

tinuity combined with the equations of state, can be written, respectively, in the

second order approximation as31

ρ0
∂v
∂t

+∇(p+ L) = 0, and (2.3)

∂

∂t
(p+ L) + ρ0c

2
0∇ · v =

β

ρ0c20

∂

∂t
(p− p0)2 + 2

∂L
∂t
. (2.4)

The β = 1 + B/2A is the nonlinear coefficient, with B/2A = (ρ20c
2
0/2)(∂2p/∂ρ2)

being the fluid the nonlinear parameter32. The ratio B/A has become a common

term in the field of nonlinear acoustics, which is originated from the Taylor series

expansion of the equation of state, p = p(ρ), up to the second order in (ρ− ρ0)

p− p0 = c20(ρ− ρ0) +
1

2

(
∂2p

∂ρ2

)
(ρ=ρ0)

(ρ− ρ0)2 + ... (2.5)
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This parameter determines the relative importance of the leading finite-amplitude

correction to the small-signal sound speed c0.

The ordinary acoustic pressure field p− p0 is in general, not governed by the

Westelvet equation. Indeed, if we combine Eq. 2.3 and Eq. 2.4, we find

�2p = − β

ρ0c40

∂2

∂t2
(p− p0)2 −∇2L − 1

c20

∂2L
∂t2

. (2.6)

However, in the farfield the last two terms approaches to zero, and then, the

Eq. 2.6 becomes the Westervelt equation

�2p = − β

ρ0c40

∂2

∂t2
(p− p0)2. (2.7)

This equation accounts for the diffraction as well as the medium nonlinearity

in the wave propagation. Thermoviscous effects are neglected in our analysis. It is

worthy to remark that Eq. 2.7 is valid when cummulative nonlinear effects (such as

wave distortion) are more prominent that local properties of the acoustic field near

to the acoustic source. When the wave propagates near to the scatterer, the wave

pressure which satisfies Eq. 2.7 should be mofified to1

p̃ = p+
ρ0
4

(
∇2 − 1

c20

∂2

∂t2

)
φ2. (2.8)

Due the fact that we want to describe the difference-frequency scattered wave

in the farfield only, Eq. 2.7 suffices to model the nonlinear wave propagation. For

further discussion the reader may refer to Mark and David1.

2.2 Method of Successive Approximations

Assuming that the wave propagates in the medium with pressure magnitude given

in terms of the Mach number ε = v0/c0, where v0 is the maximum magnitude of
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the particle velocity. The Westervelt equation Eq. 2.7 can be reduced to a set of

hierarchical linear wave equations through the method of successive approximation.

We can expand the pressure up to the second-order as follows

p = εp(1) + ε2p(2) (2.9)

where p(1) is the linear solution (first-order approximation) of the Westervelt equa-

tion and p(2) is a small correction to p(1) (second-order approximation, for |p(2)| �

|p(1)| throughout the nonlinear interaction region). By substituing Eq. 2.9 in Eq. 2.7

and equating powers like of ε and ε2, we obtain(
∇2 − 1

c20

∂

∂t2

)
p(1) = 0, (2.10)

(
∇2 − 1

c20

∂

∂t2

)
p(2) = − β

ρ0c40

∂2p(1)2

∂t2
. (2.11)

These equations form a set of linear hierarchical wave equations. They describe the

dynamics of weak amplitude waves.



Chapter 3

SCATTERING THEORY

In this chapter our attention turns to the scattering theory of acoustic waves. In

Sec. 3.1, we derive the solution for the spherical wave equation as a partial wave ex-

pansion of the pressure. This series representation of the pressure field is important

for us because it behaves as a general solution for any kind of objects which occupy

a finite volume in space.

In the Sec. 3.2 we present the incident and the scattered field expressed both

in terms of partial wave expansions. We also present, in Sec. 3.3, how to find the

solution for the difference-frequency generation with the Green’s function machinery.

As we previously established, the scattering problem is restricted to the Rayleigh

limit, which will be also discussed here, in Sec. 3.7. As an application to this theory,

we present in Sec. 3.8 the theoretical issues of the vibro-acoustography imaging

method.

10
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3.1 Partial Wave Expansion

In spherical coordinates, we have the time-dependent wave equation which is ex-

pressed as

1

r2
∂

∂r

(
r2
∂p

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂p

∂θ

)
+

1

r2 sin θ2
∂2p

∂φ2
− 1

c2
∂2p

∂t2
= 0. (3.1)

One of the way to obtain the solution of this equation is using the method of sepa-

ration of variables for which

p(r, θ, φ, t) = R(r)Θ(θ)Φ(φ)T (t). (3.2)

Substituting this equation into Eq. 3.1 yields the following system of ordinary dif-

ferential equations

d2Φ

dφ2
+m2Φ = 0

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+

[
l(l + 1)− m2

sin2 θ

]
Θ = 0

1

r2
d

dr

(
r2
dR

dr

)
+k2R2 − l(l + 1)R

r2
= 0

1

c2
d2T

dt2
+ k2T = 0

(3.3)

The solution for the angular equations can be combined into a single function called

spherical harmonics defined by

Y m
l (θ, φ) ≡

√
(2l + 1)

4π

(l −m)!

(l +m)!
Pm
l (cos θ)eimθ (3.4)

where m and l are integers and Pm
l (cos θ) is the Legendre function, with |m| < l

and l > 0. For the radial part, the solutions can be written as

R(r) = R′jl(kr) +R′′yl(kr) (3.5)
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where jl(kr) and yl(kr) are spherical Bessel functions of the first and second kind,

respectively, and R′ and R′′ are complex constants. Alternatively, this solution can

be written as

R(r) = R′′′h
(1)
l (kr) +R′′′′h

(2)
l (kr) (3.6)

where h(1)l (kr) and h
(2)
l (kr) are spherical Hankel functions of the first and second

kind, respectively, and R′′′ and R′′′′, are complex constants.

Thus, we can write the solution of Eq. 3.1, in the absence of time, as a partial

wave expansion

p(r, θ, φ, ω) =
∞∑
l=0

l∑
m=−l

[Amljl(kr)]Y
m
l (θ, φ) (3.7)

for a interior problem general solution33, see Fig. 3.1 and

Figure 3.1: The grey area represents the region of validity for the interior solution.

p(r, θ, φ, ω) =
∞∑
l=0

l∑
m=−l

[Bmlh
(1)
l (kr)]Y m

l (θ, φ) (3.8)

for a exterior problem general solutions33, see Fig. 3.2. The Aml, Bml are complex
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Figure 3.2: The grey area represents the region of validity for the exterior solution.

constants which can be found as

Aml =
1

jl(kb)

∫
4π

p(b, θ, φ)Y m∗
l (θ, φ) sin θdΩ, (3.9)

and,

Bml =
1

hl(kb)

∫
4π

p(b, θ, φ)Y m∗
l (θ, φ) sin θdΩ, (3.10)

respectively. The importance of the partial wave expansion lies on the fact that any

function on an arbitrary shape of finite volume can be expanded in terms of them.

3.2 Linear scattering

Let us assume now that two primary acoustic beams at frequencies ω2 and ω1 prop-

agate in the medium considered in the Chap. 2. We consider that ω2 > ω1. The

pressure field of the incident beam is given by

pI = ερ0c
2
0(p̂I,1e

−iω1t + p̂I,2e
−iω2t), (3.11)
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where p̂I,1 and p̂I,2 are the dimensionless amplitudes of the acoustic beams. In terms

of the partial wave expansion, we have

p̂I,n =
∑
l,m

amn,ljl(knr)Y
m
l (θ, φ), n = 1, 2 (3.12)

where
∑

l,m →
∑∞

l=0

∑l
m=−l, {amn,l} are the beam shape coefficients to be determined

depending on the type of acoustic wave considered.

Figure 3.3: Outline of the scattering problem. Two waves with wavevectors k1 and

k2 insonify a rigid sphere of radius a. The sphere is placed at the center of the

coordinate system. The observation point of the scattered pressure, in spherical

coordinates, is r = (r, θ, ϕ).

Considering that a rigid sphere of radius a is placed in the wavepath. The

origin of the coordinate system is set at the center of the spherical scatterer, see

Fig. 3.3. In this configuration, the beam shape for the incident beam can be found
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as

amn,l =
1

jl(ka)

∫
4π

p̂I,n(a, θ, φ)Y m∗
l (θ, φ)dΩ, n = 1, 2. (3.13)

When two primary waves interact with the scatterer, linear scattered waves

appear in the medium. Thus, the pressure field of the scattered beam is given by

pS = ερ0c
2
0(p̂S,1e

−iω1t + p̂S,2e
−iω2t), (3.14)

where p̂S,1 and p̂S,2 are the amplitude of the scattered pressure is then given in terms

of the multipole expansion as follows

p̂S,n =
∑
l,m

smn,lh
(1)
l (knr)Y

m
l (θ, φ), n = 1, 2 (3.15)

where {smn,l} are the scattering coefficients for each linear incident wave. When we

substitute Eqs. 3.11 and 3.14 into the first order Westervelt equation, Eq. 2.10, we

see that the pressure amplitudes satisfy the Helmholtz equation

(∇2 + k2n)

 p̂I,n

p̂S,n

 = 0, n = 1, 2, (3.16)

The scattered pressure should also satisfy the Sommerfeld radiation condi-

tion. The boundary condition for the rigid sphere requires that the particle velocity

vanish of the sphere surface. It means that, in terms of pressure, this condition

corresponds to the Neumann boundary condition. Equating this[
∂(p̂I,n + p̂S,n)

∂r

]
r=a

= 0. (3.17)

And from the boundary in Eq. 3.17, we obtain the scattering coefficients as

smn,l = − j′l(kna)

h
′(1)
l (kna)

amn,l, n = 1, 2, (3.18)

where the prime symbol means derivation.
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3.3 Difference-frequency generation

The primary incident and scattered waves interact nonlinearly in a region exterior of

the scatterer and the sum- and difference-frequency waves are generated. However,

for our purpose, we are only interested on the difference-frequency generation. Thus,

according to Eq. 2.9, the difference-frequency scattered pressure is written as a

second order field

p− = ερ0c
2
0p̂−e

−iω−t, (3.19)

where p̂− is the dimensionless pressure amplitude. Substituting Eq. 3.19 into Eq. 2.11

we find that the difference-frequency pressure amplitude satisfies the inhomogeneous

Helmholtz equation

(∇2 + k2−)p̂− = βk2−P , (3.20)

where

P = p̂∗1,I p̂2,S + p̂∗1,I p̂2,S + p̂∗1,S p̂1,I + p̂∗1,S p̂2,S. (3.21)

The source term P has all possible interactions between the primary and incident

waves.

3.4 Boundary Conditions

The uniqueness of the solutions of Eqs. 3.16 and 3.20 depend on the problem’s

boundary conditions. For a rigid and immovable sphere, the boundary conditions

requires that the normal component of the particle velocity vanish on the sphere’s

surface. At the infinity the pressure amplitudes should satisfy the Sommerfeld ra-

diation condition.
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The particle velocity given up to the second-order approximation is expressed

as

v = εv(1) + ε2v(1), ε� 1, (3.22)

where v(1) and v(2) are the linear and the second-order velocity fields, respectively.

Thus, for the linear velocity we have v(1) · er|r=a = 0, where er is the outward

normal unit-vector to the sphere. From the linear momentum conservation equation

ρ0(∂v(1)/∂t) = −∇p(1), we find the following condition for the pressure[
∂(p̂I,n + p̂S,n)

∂r

]
r=a

= 0. (3.23)

After substituting Eqs. 3.12 and 3.13 into last equation, we obtain the scattering

coefficients as smn,l = sn,la
m
n,l, where

sn,l = − j′l(kna)

h
′(1)
l (kna)

, n = 1, 2, (3.24)

with the prime symbol meaning derivation.

The second-order particle velocity satisfies the conservation equation, given

in Eq. 2.3. Projecting this equation onto er at the sphere’s surface, we obtain

∂p(2)

∂r

∣∣∣∣
r=a

= −∂L
∂r

∣∣∣∣
r=a

. (3.25)

Now, using the linear relation p(1) = ρ0(∂φ
(1)/∂t) and Eqs. 2.8 and 3.25, we find the

difference-frequency boundary condition as

∂p̂−
∂r

∣∣∣∣
r=a

= −
k2−

2k1k2

∂P
∂r

∣∣∣∣
r=a

. (3.26)

3.5 Green’s function solution

The solution of Eq. 3.20 can be obtained through the Green’s function method. Due

the fact that the normal derivative of the difference-frequency pressure is specified
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on the sphere’s surface, the normal derivative of the Green’s function on this surface

should vanish. Thereby, the difference-frequency pressure amplitude given in terms

of the Green’s function G(r|r’) reads (morse-ingard)

p̂− = −βk2−
[∫

V

P(r’)G(r|r’)dV ′ (3.27)

+

∫
S

(
∂p̂−
∂r′

)
r′=a

G(r|r’)dS ′
]
, k−r � 1,

where S denotes the sphere’s surface and V is the volume of the spatial region from

S to infinity.

The contribution of the surface integral for two interacting spherical waves

(monopoles) is found to be k3−/(k1k2)2 in Appedix A (fazer). In contrast, it will

be shown that the magnitude of the volume integral in Eq. 3.27 is proportional to

βk−/(k1k2). Thus, the ratio of the volume to the surface integral is k2−/(k1k2). It

is convinient to write the primay angular frequencies in a symmetric way as follows

ω1 = ω0−ω−/2 and ω2 = ω0 +ω−/2, where ω0 is the mean frequency. Now the ratio

between the integrals can be expressed as β−1[(ω0/ω−)2 − 1/4]−1. Note that ω0/ω−

is the downshift ratio. If the contribution from the surface integral is about 0.01 of

that from the volume integral in water, the downshift ratio should be larger than

5. Therefore, limiting our analysis to downshift ratios larger than 5, we can neglect

the surface integral in Eq. (20).

The volume integral can be split into two regions: a ≤ r′ < r (inner source

volume) and r < r′ (outer source volume). In Appendix B, the integral for the outer

volume is estimated for two interacting spherical waves. The result shows that this

integral is O(r−2). It will be demonstrated that the inner volume integral evaluated

in the farfield is O(r−1). Therefore, the outer volume integral can be neglected in
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the farfield. Therefore, the difference-frequency pressure amplitudes becomes

p̂−(r) = −βk2−
∫ r

a

∫
4π

P(r’)G(r|r’)r′2dr′dΩ′, (3.28)

where dΩ′ is the infinitesimal solid angle. The Green’s function in the region r′ < r,

which satisfies the Neumann boundary condition on the sphere surface, is given by

(morse ingard)

G = ik−
∑
l,m

[
jl(k−r

′)− j′l(k−a)

h
′(1)
l (k−a)

h
′(1)
l (k−r

′)

]
Y m∗
l (θ′, φ′) (3.29)

× h
(1)
l (k−r)Y

m
l (θ, φ)

The difference-frequency generation is analyzed in the limit where k−a� 1. Using

the asymptotic formulas of the spherical functions for small argument34, it can be

shown that the lowest terms are

j′0(k−a)

h
′(1)
0 (k−a)

∼ i(k−a)3

3
, (3.30)

j′1(k−a)

h
′(1)
1 (k−a)

∼ −i(k−a)3

6
, k−a� 1. (3.31)

Based on these results, the second term inside the brackets in Eq.3.29 can be ne-

glected when k−a� 1, and our Green’s function can be reduced to

G = ik−
∑
l,m

jl(k−r
′)Y m∗

l (θ′, φ′)h
(1)
l (k−r)Y

m
l (θ, φ). (3.32)

We are now prepared to obtain the difference-frequency scattered pressure.

In Eq. 3.32 we use the asymptotic expression of the spherical Hankel function for

large argument34. Thus, if we substitute Eq. 3.21 and Eq. 3.32 into Eq. 3.28, we

can express the difference-frequency scattered pressure at the farfield as

p̂−(r, θ, φ) =
βk−f(r, θ, φ)

k1k2

eik−r

r
. (3.33)
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The function f is named the scattering form function at the difference-frequency

and is given by

f−(r, θ, φ) =
∑
l,m

Sml (r)Y m
l (θ, φ) (3.34)

is the difference-frequency form function. The interaction function is expressed as

Sml = −i−l
∑
l1,m1

∑
l2,m2

√
(2l1 + 1)(2l2 + 1)

4π(2l + 1)

× C l,0
l1,0,l2,0

C l,m
l1,m1,l2,m2

am1∗
1,l1

am2
2,l2

× (%
(II)
l1l2l

+ s∗1,l1%
(SI)
l1l2l

+ s∗2,l2%
(IS)
l1l2l

+ s∗1,l1s2,l2%
(SS)
l1l2l

) (3.35)

where {C l,m
l1,m1,l2,m2

} are the Clebsch-Gordan coefficients, which come from the angu-

lar integration35

∫
4π

Y m1∗
l1

Y m2
l2
Y m
l dΩ = (−1)−m1

√
(2l1 + 1)(2l2 + 1)

4π(2l + 1)

× C l,0
l1,0,l2,0

C l,−m
l1,−m1,l2,m2

(3.36)

The Clebsch-Gordan coefficient should satisfy the following conditions36

m1 +m2 = m,

|l2 − l1| ≤ l ≤ l2 + l1, (3.37)

otherwise it values are zero. Furthermore, whenm1 = m2 = m = 0 the sum l1+l2+l

should be even or the coefficient becomes zero. The radial function in the scattering

form function, Eq. 3.34, is

Rm1m2m
l1l2l

= am1∗
1,l1

am2
2,l2
%
(II)
l1l2l

+ sm1∗
1,l1

am2
2,l2
%
(SI)
l1l2l

+ am1∗
1,l1

sm2
2,l2
%
(IS)
l1l2l

+ sm1∗
1,l1

sm2
2,l2
%
(SS)
l1l2l

(3.38)

where the function %(··) stands for each possible interaction, i.e. incident-with-

incident (II), scattered-with-incident (SI), incident-with-scattered (IS) and scattered-



3 Green’s function solution 21

with-scattered (SS). These functions are given by the relations

%
(II)
l1l2l

= k1k2k

∫ r

a

jl(k−r
′)jl1(k1r

′)jl2(k2r
′)dr′, (3.39)

%
(IS)
l1l2l

= k1k2k

∫ r

a

jl(k−r
′)jl1(k1r

′)h
(1)
l2

(k2r
′)dr′, (3.40)

%
(SI)
l1l2l

= k1k2k

∫ r

a

jl(k−r
′)h

(2)
l1

(k1r
′)jl2(k2r

′)dr′, (3.41)

%
(SS)
l1l2l

= k1k2k

∫ r

a

jl(k−r
′)h

(2)
l1

(k1r
′)h

(1)
l2

(k2r
′)dr′, (3.42)

The integrals in Eqs. 3.39–3.42 were calculated with Mathematica software37 for

l = 0, 1, 2 and l1 = l2 = 0, 1, for the Rayleigh limit.

We now present the results for two radial integrals %(SS)
011 and %(SI)

000 to illustrate

the method we used here, which is based on Mathematica software.

SS[r−,0,1,1]:= Integrate[x2 * SphericalBesselJ[0,(k2 − k1) * x] *

SphericalHankelH2[1,k1*x] * SphericalHankelH1[1,k2*x], {x,a,r},

Assumptions → k1 > 0 && k2 && k1 && a > 0 && r > a ]

Figure 3.4: Command line to calculate the integral %(SS)
011

SI[r−,0,0,0]:= Integrate[x2 * SphericalBesselJ[0,(k2 − k1) * x] *

SphericalBesselJ[0,k1*x] * SphericalHankelH1[0,k2*x], {x,a,r},

Assumptions → k1 > 0 && k2 && k1 && a > 0 && r > a ]

Figure 3.5: Command line to calculate the integral %(SI)
000
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In Figs. 3.4 and 3.5 the command line of the input code are shown, respec-

tively. Their results with some simplifications are demonstrated as

%
(SS)
011 =

k2−
4k21k

2
2a

2

{
i− ie2ik−a + a[2k2 − k1(2 + 5πk2a)] + 2ik1k2a

2 (3.43)

×
[
Ei(2ik−a)− Ei(2ik−r) + ln

(
r

a

)
− π

4i

]}
,

and

%
(SI)
000 =

ik2−
4k1k2

[
2πi− Ei(−2ik1a) + Ei(−2ik2a) + Ei(2ik−a) (3.44)

+ Ei(−2ik1r)− Ei(−2ik2r)− Ei(−2ik−r) + ln

(
r

a

)]
.

where Ei represents the exponential integral function, which is defined as Ei(x) =

−
∫∞
−x(e

−t/t)dt38.

To facilitate our analysis of the scattering form function, we can write it as

the sum of each interaction contribution as follows

f = f (II) + f (IS) + f (SI) + f (SS), (3.45)

where the super-indexes stand for the type of interaction.

3.6 Series Truncation

To compute Eq. 3.34, we have to estimate a priori the number of L− of the series.

Besides the same procedure should be done for the number of terms L1 and L2

related to the l1 and indexes in Eq. 3.35. In doing so, we have to analyze the

contribution of each interaction term in Eq. 3.35. We employ the following rule

(37,38)

Ln ∼ knr + c(knr)
1/3, n = 1, 2,−, (3.46)
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where c is a positive constant related to the desired accuracy of the truncation; it

may also depend on knr. The truncation criterion for the series in Eq. 3.35 that

involve the scattering coefficient sn,l may be formulated based on the rule∣∣∣∣ sn,0
sn,ln+Ln

∣∣∣∣� 1, n = 1, 2, (3.47)

where ln = 0, 1, 2, .... Note that for the scattering-with-scattering interaction term

we have, according to Eq. 3.37, that L− = L1 + L2.

3.7 Rayleigh limit

The Rayleigh limit is valid only for the sphere size factor, where ka < 1 . The

approximate upper limit of the radius of the scatterer is generally taken to be a =

0.05λ, where λ is the wavenumber length39. Here, the Rayleigh limit is taken for the

following conditions k1a, k2a < 1, which necessary implies that k−a < 1. In analogy

to Eqs. 3.30 and 3.31 we have

s0n,0 = −i(kna)3

3
a0n,0, (3.48)

smn,1 = −i(kna)3

6
amn,1, m = −1, 0, 1, n = 1, 2. (3.49)

According to the selection of rules in Eq. 3.37, the maximum multipole order of the

form function in Eq. 3.34 is l = 2. Higher order moments are not allowed. That is

the reason we have calculated our integrals 3.39–3.42 up to l = 2 and, consequently,

l1 = l2 = 0, 1. On the other hand, unlike Rayleigh scattering, which has only the

monopole and dipole moments, the nonlinear effect gives rise to the quadrupole

moment in the scattered pressure.
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3.8 Vibro-Acoustography

In medical sciences, the possibility of imaging internal structures as organ boundaries

and biological tissues, is a very powerful method to identify pathologies, presence of

foreign bodies, malfuctioning organs, etc.

Among the diagnosis forms, palpation is a useful technique used for centuries

and is traditional example of how to estimate mechanically biological tissues ab-

normalities. On the other hand, if such pathology is far below to the surface or

if is too small in a way that can not be detect, the palpation modality is flawed.

The use of ultrasound waves to visualize internal structures represents more than

25%40 comparing with others imaging techniques, due the fact to be a noninvasive

and relatively inexpensive imaging modality. The ultrasound modality can be di-

vided into three main categories depending upon the type of radiation considered

for observe the region-of-interest: pulse-echo and harmonic imaging41, and elastog-

raphy42. Pulse-echo techniques are based on the linear theory of wave propagation;

while harmonic imaging and some elastography methods rely on nonlinear acoustics.

In particular, vibro-acoustography17 is included in the elastography method group

which was stablished as based on dynamic radiation force of ultrasound19.

In VA system, two ultrasound beams produced by a two-element transducer

at slightly different frequencies ω1 and ω2 are co-focused in a small volume within

the region-of-interest of a sample (biological tissue or substance). As a result of

nonlinear interaction of the ultrasound waves, a subharmonic component at the

beat-frequency43 ω− = ω2−ω1 arises in the focal region. From this interaction, two

acoustic waves are responsible to the VA signal. One is due to the radiation force

phenomena which vibrates the sample generating a low-frequency acoustic emission
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at ω−. And the other wave is caused by the scattering of sound by sound in the

focal region contributing to a scattered difference frequency generation.
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Figure 3.6: Vibro-acoustography system

A two-element confocal transducer produces a dual-frequency ultrasound

beam used for illuminating the region-of-interest of a sample, Fig. 3.6. An acoustic

detector is used to acquired the low-frequency acoustic field. The received signal is

digitized through an analog-to-digital converter for further processing, storage and

display. Moving the ultrasound beam across the sample, one can register a pixel at

each discrete position in the system focal plane.

The theoretical principles of VA have been devised in terms of the dynamic

radiation force produced by an amplitude-modulated ultrasound beams17,44. The

dynamic radiation force produced upon the object in the medium19,20 is responsible

for the difference-frequency wave, which is used to form an image of the medium.

Based on the radiation force model, we may assume that the sphere emits the

DF wave as a dipole. To compute the acoustic emission field, we need the amplitude

of the dynamic force generated on the sphere. The force on the sphere produced by
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a dual-frequency plane wave is given by19 f̂− = πa2E0Ŷ−, where Ŷ− is the radiation

force function and E0 = p20/ρ0c
2
0, the incident energy density averaged in time. The

acoustic emission (dipole) in the farfield is45

p̂ae =
v̂cρ0c0k

2
−a

3eik−a

2ik−a+ (k−a)2 − 2
cos θ

eik−r

r
, (3.50)

where v̂c is the velocity amplitude of the sphere center, a is the diameter of the

sphere. This velocity can be gives in terms of the dynamic radiation force as v̂ =

f̂−/Z−, where Z− = i(4π/3)a3ω−ρ1 (ρ1 is the density of the sphere) is the mechanical

impedance of the sphere with k−a � 146. Thus, substituting v̂c with the radiation

force f̂− into Eq. 3.50 turns to

|pae| =
3E0ρ0k−a

2

8ρ1

| cos θ|
r

, (3.51)

This equation is in agreement with the acoustic field emitted by the object in the

VA model17, which yields the linear variation of the pressure with the difference-

frequency. The obtained result in Eq. 3.51 will be compared with the relation to the

scattered field in Eq. 3.33 in the same conditions to assess the contribution of each

phenomenon to VA.
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RESULTS

We consider that the acoustic beams are plane waves interacting in a spherical region

of radius R centered at the scatterer. It is also assumed that R � r, where r is

the radial distance to the scattered. The partial wave expansion of the plane wave

propagating at an arbitrary direction is given by47

p̂I,n = 4π
∑
l,m

ilY m∗
l (θ∗, φ∗)(αn, βn)jl(knr)Y

m
l (θ, φ), n = 1, 2, (4.1)

where the wavevector is represented in the spherical coordinates as kn = (kn, αn, βn),

with αn and βn being the polar and azimutal angles, respectively. Comparing

Eqs. 4.1 and 3.12 we find that the beam-shape coefficients are given by

amnl = 4πilY m∗
l (αn, βn). (4.2)

Because the region of interest to represent the plane waves is a sphere with a radius

R, the partial wave expansion of each wave Eq. 4.1 should be truncated at l = k1R

and l = k2R. The factors k1R and k2R are the partial wave expansion bandwidth.

To evaluate the scattering form function in Eq. 3.34, we have to compute the

integrals in Eq. 3.39–3.42 symbolically for l = 0, 1, 2 and l1, l2 = 0, 1 and for all kind

27
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of interactions, with the aid Mathematica software37. The propagating medium

under consideration is water for which c0 = 1500 m/s, ρ0 = 1000 kg/m3 and β = 3.5

(at room temperature). The primary frequencies are given by ω1 = ω0 − ω−/2 and

ω2 = ω0 + ω−/2. Unless specified, the center and difference-frequencies considered

here are ω0/2π = 1.5MHz and ω−/2π = 50kHz, respectively. We assume also that

the interacting region has radius R = 4π/k0 = 2mm, where k0 is the wavenumber

corresponding to the center-frequency. Outside this region the primary incident

waves are completely attenuated. Thus, the partial wave in Eq. 4.1 for each wave

can be truncated at l ∼ k0R ∼ 13. Moreover, the integrals involving functions of

incident waves in Eq. 3.39–3.42 should be evaluated with r = R.

4.1 Crossing Plane Waves

Here, we analyze the directive pattern of the scattering form function for different

arrangements for intersecting plane wave. In Fig. 4.1, we exhibit the directive

pattern of |f |, |f (II)| and |f (SS)| with the intersecting angle α2 = 00. The functions

are evaluated at xz-plane with r = 0.1 m. The evaluation parameters are ω0/2π =

1.5 MHz, ω−/2π = 50 kHz, R = 2 mm, and a = 125µm which were the same for the

directive pattern graphics (Figs. 4.1, 4.2, 4.3, 4.4) . When α2 = 00 (the beams are

collinear), the scattering function has contribution from f (II) in the range |θ| < 900.

On the other hand, in the region |θ| > 900 the scattering function has contribution

from |f (II)| and |f (SS)|. In this configuration the size of the interaction region R

plays a major role in the difference-frequency generation.

When the intersecting angle is 450, which can be seen in Fig. 4.2, the scat-
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Figure 4.1: Directive pattern of the scattering form functions at the xz-plane for

a intersecting angle α2 = 00. Legend: (yellow line) |f |, (blue line) |f (II)|, and (red

line) |f (SS)|. The arrow indicates that the propagation of both incident waves are in

the same direction.
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Figure 4.2: Directive pattern of the scattering form functions at the xz-plane for a

intersecting angle α2 = 450. Legend: (yellow line) |f |, (blue line) |f(II)|, and (red

line) |f (SS)|. The arrows indicate the propagation direction of each incident wave.

tering function follows the same contribution for α2 = 00 with a more prominently

contribution for |θ| < 900. The scattering-with-scattering contribution is relevant in

the backscattering direction. Note that for α2 = 00 and α2 = 450, the contribution

of the |f (SI)| and |f (IS)| components are negligible .

For α2 = 900, Fig. 4.3, the influence of the scattering-with-scattering term

is more relevant when |θ| > 900. The incident-with-incident term is a negligible in

the 900-configuration. This result is known from the scattering of sound-by-sound



4 Crossing Plane Waves 31

theory? .

  5e−06

  1e−05

  1.5e−05

30

210

60

240

90

270

120

300

150

330

180 0

 

 

f (SS)

f

f (I I)

f (IS+SI)

Figure 4.3: Directive pattern of the scattering form functions at the xz-plane for a

intersecting angle α2 = 900. Legend: (yellow line) |f |, (blue line) |f (II)|, (green line)

|f (IS) + f (SI)|, and (red line) |f (SS)|. The arrows indicate the propagation direction

of each incident wave.

For the counter-propagating wave α2 = 1800, which is shown in Fig. 4.4, the

contributions to the scattering form function has almost the same distribution for

both forward and backward distribution. For the |f (SS)| component, one can see that

the distribution follows the backscattering pattern with the biggest lobe for major

incident wave frequency. For the |f (II)| and |f (IS) +f (SI)| components, the scattering

pattern of both distributions are superimposed having almost the same magnitude.



4 Crossing Plane Waves 32

  5e−06

  1e−05

  1.5e−05

30

210

60

240

90

270

120

300

150

330

180 0

 

 

f

f (IS+SI)

f (SS)

f (I I)

Figure 4.4: Directive pattern of the scattering form functions at the xz-plane for a
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|f (IS) + f (SI)|, and (red line) |f (SS)|. The arrows indicate the propagation direction

of each incident wave.



Chapter 5

CONCLUSIONS

The difference-frequency generation in the scattering of the two interacting acous-

tic waves in the Rayleigh limit by a rigid sphere was theoretically analyzed. The

difference-frequency scattered pressure as the farfield was obtained as a multipole

expansion series. Each moment is a result of the nonlinear interaction of all moments

present in the primary (linear) scattering problem. Hence, the scattering function

has contribution from all interacting partial waves involved in the scattering pro-

cess. The partial wave amplitudes were given in terms of the beam-shape amn,l and

the scattering smn,l coefficients. There was four possible contributions to the nonlinear

interaction: incident-with-incident, incident-with-scattered, scattered-with-incident

and scattered-with-scattered. The rules with determine in what manner the primary

partial waves interact are imposed by Clebsch-Gordan coefficients.

The developed theoretical framework was applied to the scattering of two

localized plane wave within a spherical region. The waves intersected each order at

arbitrary angles. The analysis was limited to an interaction spherical region with

radius R such that R� r. We numerically verified that when R/r ∼ 0.01, the con-
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tribution of the incident-with-incident term is much smaller than those from other

interacting terms. Thus, the incident-with-incident term was neglected in the anal-

ysis performed here. The directive patterns of the difference-frequency scattering

form function |f(r, θ, ϕ)| were plotted for plane waves having intersecting angles

α2 = 00, 450, 900, 1800. Yet the incident-with-incident and scattered-with-incident

confined in a small spherical region, the jointly contribution of these terms to the

scattering function is comparable to that from the scattered-with-scattered interac-

tion. The influence of the interaction terms to scattering function may vary with the

observation point. Despite this fact, the contribution of the scattered-with-scattered

term is more outstanding.

The forward scattering of two collinear plane wave was analyzed varying

the following parameters: radial distance, difference- and center-frequency. In all

three cases, the scattering function monotonically increases as the corresponding

parameter increases. Furthermore, the scattering function had more contribution

from the scattered-with-scattered interaction. This fact was already been reported25.

Assuming that this interaction is dominant, we showed that the scattered pressure

varies, in the limit (r →∞), like r−1 ln r with the radial distance, ω− lnω− with the

difference-frequency, and quadratically with each primary frequency. Unfortunately,

there is no previous theoretical results that we can compare the present analysis

with. However, the results to the pressure field found in a vibro-acoustography setup

show that our difference-frequency generation based on the scattering theory are in

consonance with this experimental framework. In addition to, further experiments

for nonlinear scattering can be performed using instrumentation of other underwater

acoustics and biomedical ultrasound instrumentation.
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In conclusion, we believe that the theoretical analysis presented here is a step

toward a better understanding of nonlinear scattering in acoustics. Particularly, the

obtained results may be useful for acoustical imaging methods based on difference-

frequency generation.



Appendix A

SURFACE INTEGRAL

According to Eq. (18) the surface integral in Eq. (20) is given by

IS = −(k−a)2

2k1k2

∫
4π

G(r,Ω|a,Ω′) ∂P
∂r′

∣∣∣∣
r′=a

dΩ′. (A.1)

where Ω = (θ, φ). The integral will be estimated for two interacting spherical waves.

Thus, the source term P is given by

P(r′) =
eik−r

′

k1k2r′2
. (A.2)

From Eq.(24) the Green’s function becomes

G = k−a
eik−r

r

∑
l,m

(−i)l

h(1′)(k−a)
Y m
l (Ω′)Y m

l (Ω). (A.3)

Substituting Eqs. A.2 and A.3 into Eq. A.1, yields

IS =
k3−

2k21k
2
2

(2i+ k−a)
eik−(r−a)

r
. (A.4)
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Appendix B

OUTER VOLUME INTEGRAL

The outer volume integral reads

I∞ = βk2−

∫ ∞
r

∫
4π

G∞(r,Ω|r′,Ω′)P(r′,Ω′)r′2dΩ′, (B.1)

where the Greens function is given by48

G = ik−
∑
l,m

χl(k−r)h
(1)
l (k−r

′)Y m∗
l (Ω′)Y m

l (Ω), a ≤ r < r′. (B.2)

where

χl(k−r) = jl(k−r)−
j′l(k−a)

h
′(1)
l (k−a)

h
′(1)
l (k−r) (B.3)

We assume that the source term is due the interaction of two spherical waves as

given in Eq. A.2. By substituting Eqs. A.2 and B.2 into B.1, one finds

I∞ =
βk−
k1k2

χ0(k−r)

∫ ∞
r

e2ik−r
′

r′
dr′ (B.4)

After integrating by parts, we obtain

I∞ =
βk−
k1k2

χ0(k−r)

[
e2ik−r

r
+O(r−2)

]
. (B.5)

Therefore, evaluating χ0(k−r) through the expression of the spherical functions, we

find I∞ = O(r−2).
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a b s t r a c t

In this paper, the partial-wave expansion method is applied to describe the difference-frequency pressure
generated in a nonlinear scattering of two acoustic waves with an arbitrary wavefront by means of a rigid
sphere. Particularly, the difference-frequency generation is analyzed in the nonlinear scattering with a
spherical scatterer involving two intersecting plane waves in the following configurations: collinear,
crossing at right angles, and counter-propagating. For the sake of simplicity, the plane waves are assumed
to be spatially located in a spherical region which diameter is smaller than the difference-frequency
wavelength. Such arrangements can be experimentally accomplished in vibro-acoustography and nonlin-
ear acoustic tomography techniques. It turns out to be that when the sphere radius is of the order of the
primary wavelengths, and the downshift ratio (i.e. the ratio between the fundamental frequency and the
difference-frequency) is larger than five, difference-frequency generation is mostly due to a nonlinear
interaction between the primary scattered waves. The exception to this is the collinear scattering for
which the nonlinear interaction of the primary incident waves is also relevant. In addition, the differ-
ence-frequency scattered pressure in all scattering configurations decays as r!1 ln r and 1=r, where r is
the radial distance from the scatterer to the observation point.

! 2012 Elsevier B.V. All rights reserved.

1. Introduction

An outstanding feature of the nonlinear interaction of two or
more acoustic waves is a generation of secondary waves having
different frequencies, namely harmonics, sum- and difference-fre-
quency [1]. In the presence of an inclusion, this generation is en-
hanced by two physical effects. First of all, the incident waves
produce a radiation force through nonlinear interactions with the
inclusion [2–5]. As a result, the inclusion is set in motion emitting
waves which frequencies correspond to the components present in
the dynamic radiation force. In addition, the primary waves (inci-
dent and scattered) related to the fundamental frequencies interact
yielding secondary waves. This process is also known as scattering
of sound-by-sound in which sum- and difference-frequency waves
are generated [6–9].

Difference-frequency generation is present in several applica-
tions like parametric array sonar [10], audio spotlight [11], charac-
terization of liquid–vapor phase-transition [12], and acoustical
imaging methods such as nonlinear parameter tomography [13–
16] and vibro-acoustography [17–19]. Moreover, parametric arrays
have been used to produce low-frequency waves in wideband scat-

tering experiments [20]. In this case, the scatterer is placed outside
the interaction region of the incident waves and the scattering is
treated through the linear scattering theory. This is similar to cal-
ibrating parametric sonars based on measurements of the linear
scattering cross-section [21].

Investigations of difference- and sum-frequency generation
concerning to spherical and cylindrical scattered waves were firstly
performed by Dean [22]. Scattering consisting of nonlinear interac-
tion of a plane wave with a radially vibrating rigid cylinder [23]
and sphere [24] have also been analyzed. Moreover, difference-fre-
quency generation in scattering of two collinear plane waves by
means of a sphere was previously studied [25]. However, the re-
sults obtained in this study show that the difference-frequency
scattered pressure has singularities in the polar angle of spherical
coordinates (i.e. the angle formed by the position vector and the
z-axis). Furthermore, the difference-frequency scattered pressure
only depends on the monopole terms of the primary waves. Giving
this physical picture, a broader discussion is required on how to
handle the singularities and why the information from higher-or-
der multipole terms of the primary waves were discarded.

Applications of difference-frequency generation in acoustics
generally employ incident beams which deviate from collinear
plane waves. This has stimulated the investigation of nonlinear
scattering of two acoustic waves with an arbitrary wavefront.

0041-624X/$ - see front matter ! 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ultras.2012.08.015
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Our analysis stems from the Westervelt wave equation [26]. This
equation is solved through the method of successive approxima-
tions in addition to the Green’s function technique. Furthermore,
appropriate boundary conditions are established to guarantee a
unique solution of the Westervelt equation. The difference-fre-
quency scattered pressure is obtained as a partial-wave expansion
which depends on beam-shape and scattering coefficients. Each of
these coefficients is related, respectively, to a complex amplitude
of a partial-wave that composes the primary incident and scattered
waves [27,28].

The method proposed here is applied to the nonlinear scattering
of two intersecting plane waves by a rigid sphere. The difference-
frequency scattered pressure is obtained in the farfield in three
incident wave configurations: collinear, perpendicular, and coun-
ter-propagating. In this analysis, the downshift ratio is larger than
five. It is worthy to mention that the collinear configuration of inci-
dent waves has been implemented in vibro-acoustography exper-
iments [17], while the perpendicular and counter-propagating
arrangements have been experimentally studied in Refs. [14,15],
respectively. To reduce the mathematical complexity of the model,
the incident waves are assumed to be spatially located in a spher-
ical region. Even though this approach is not entirely realistic,
experimental accomplishment of scattering of two located inter-
secting ultrasound beams was reported in Ref. [29].

The results show that in the collinear case, the nonlinear inter-
action involving the primary incident waves (incident-with-inci-
dent interaction) and that of the primary scattered waves
(scattered-with-scattered interaction) are responsible for differ-
ence-frequency generation. In the perpendicular and counter-
propagating configurations, difference-frequency generation is
mostly due to the scattered-with-scattered interaction. In addition,
the difference-frequency scattered pressure increases with differ-
ence-frequency and varies with the radial distance r from the scat-
terer to observation point as r!1 ln r and 1=r. A similar result is
found in Ref. [22], though only monopole sources were considered.

2. Physical model

Consider a nonviscous fluid with an ambient density q0 and an
adiabatic speed of sound c0. The fluid is assumed to have infinite
extent. Acoustic waves in the fluid can be described by the acoustic
pressure p as a function of the position vector r and time t. Absorp-
tion effects of a viscous fluid can be readily included for longitudi-
nal acoustic waves (compressional waves). In this case, the
wavenumber of a single-frequency wave becomes a complex num-
ber. However, the account for shear wave propagation, which is
supported in viscous fluids, lies beyond the scope of this study.

2.1. Wave dynamics

We are interested on describing how a difference-frequency
wave is generated in a nonlinear scattering of two incident acoustic
waves by means of a rigid sphere. The scope of this analysis is lim-
ited to acoustic pressures propagating in the farfield. Up to second-
order approximation, the farfield pressure satisfies the lossless
Westervelt wave equation [30]

r2 ! 1
c2

0

@2

@t2

 !
p ¼ ! b

q0c4
0

@2p2

@t2 ; ð1Þ

where b ¼ 1þ ð1=2ÞðB=AÞ, with B=A being the thermodynamic non-
linear parameter of the fluid. This equation accounts for wave dif-
fraction and medium nonlinearity. It is worthy to notice that Eq.
(1) is valid when cumulative effects (such as wave distortion) are
dominant over nonlinear local effects. This happens when the prop-

agating wave is far from acoustic sources. When the wave is ob-
served near to a scatterer, its pressure should be modified to [31]

~p ¼ pþ q0

4
r2 þ 1

c2
0

@2

@t2

 !
/2: ð2Þ

where / is the velocity potential. Note that the approximation ~p ¼ p
holds for farfield waves.

Let us assume that the acoustic pressure is given in terms of the
Mach number e ¼ v0=c0 and e& 1 (weak-amplitude waves),
where v0 is the maximum magnitude of the particle velocity in
the medium. Hence, we can expand the pressure up to second-or-
der as [32]

p ¼ epð1Þ þ e2pð2Þ; e& 1; ð3Þ

where pð1Þ, and pð2Þ are, respectively, the linear (primary) and the
second-order (secondary) pressure fields. In the weak-amplitude
approximation (e& 1), the primary and the secondary pressures
suffice to describe nonlinear effects in wave propagation. Now,
substituting Eq. (3) into Eq. (1) and grouping terms of like powers
e and e2, one obtains

r2 ! 1
c2

0

@2

@t2

 !

pð1Þ ¼ 0; ð4Þ

r2 ! 1
c2

0

@2

@t2

 !
pð2Þ ¼ ! b

q0c4
0

@2pð1Þ2

@t2 : ð5Þ

These equations form a set of hierarchical linear wave equations.

2.2. Linear scattering

Assume that two primary acoustic waves of arbitrary wavefront
with frequencies x1 and x2 (x2 > x1), propagate toward a scat-
terer suspended in a host fluid. The total incident pressure due to
the waves is given by

pi ¼ eq0c2
0ðp̂i;1e!ix1t þ p̂i;2e!ix2tÞ; ð6Þ

where i is the imaginary unit, p̂i;1 and p̂i;2 are the dimensionless
pressure amplitudes of the incident waves. When the scatterer is
placed in the interaction region of the incident waves (see Fig. 1),
two primary scattered waves appear in the medium. Hence, the pri-
mary scattered pressure reads

Fig. 1. Outline of the scattering problem. Two incident waves of arbitrary
wavefront with amplitudes p̂i;1 and p̂i;2 insonify a target. The observation point is
denoted in spherical coordinates by rðr; h;uÞ, where r is the radial distance from the
scatterer to the observation point, h and u are the polar and the azimuthal angles,
respectively.
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ps ¼ eq0c2
0ðp̂s;1e#ix1t þ p̂s;2e#ix2tÞ; ð7Þ

where p̂s;1 and p̂s;2 are the dimensionless pressure amplitudes of the
scattered waves. Therefore, the total primary pressure in the fluid is
then pð1Þ ¼ pi þ ps.

It is worthy to notice that the quadratic term @2pð1Þ2=@t2 in Eq.
(5) gives rise to waves at second-harmonic frequencies 2x1 and
2x2, sum-frequency x1 þx2, and difference-frequency x2 #x1.
These frequency components are distinct and do not affect each
other. Our analysis is restricted to the difference-frequency compo-
nent only.

By substituting Eqs. (6) and (7) into Eq. (4), we find that the pri-
mary pressure amplitudes satisfy the Helmholtz equation

r2 þ k2
n

! " p̂i;n

p̂s;n

# $
¼ 0; n ¼ 1;2; ð8Þ

where kn ¼ xn=c0 is the primary wavenumber.
The incident pressure amplitudes are assumed to be regular (fi-

nite) in the origin of the coordinate system. Thus, they are given, in
spherical coordinates (radial distance r, polar angle h, azimuthal
angle u) by [33]

p̂i;n ¼
X

l;m

am
nljlðknrÞYm

l ðh;uÞ; n ¼ 1;2; ð9Þ

where
P

lm !
P1

l¼0
Pl

m¼#l; a
m
nl is the beam-shape coefficient, jl is the

spherical Bessel function of lth-order and Ym
l is the spherical har-

monic of lth-order and mth-degree. The beam-shape coefficients
can be determined by using the orthogonality property of the
spherical harmonics. Numerical quadrature can be used to compute
these coefficients for waves with arbitrary wavefront [27,28].

The scattered pressure amplitudes are given by [34]

p̂s;n ¼
X

l;m

sm
nlh
ð1Þ
l ðknrÞYm

l ðh;uÞ; n ¼ 1;2; ð10Þ

where hð1Þl is the first-type spherical Hankel function of lth-order
and sm

nl is the scattering coefficient to be determined from acoustic
boundary conditions on the scatterer’s surface.

2.3. Difference-frequency generation

The generated difference-frequency pressure is a second-order
field in the Mach number expansion (3). Thus, we may express
the difference-frequency pressure as

p# ¼ e2q0c2
0p̂#e#ix#t; ð11Þ

where p̂# is the dimensionless difference-frequency pressure ampli-
tude and x# ¼ x2 #x1. Substituting Eq. (11) into Eq. (5) we find
that p̂# satisfies the inhomogeneous Helmholtz equation

ðr2 þ k2
#Þp̂# ¼ bk2

#P; ð12Þ

where k# ¼ x#=c0 is the difference-frequency wavenumber and

P ¼ p̂&i;1p̂i;2 þ p̂&i;1p̂s;2 þ p̂&s;1p̂i;2 þ p̂&s;1p̂s;2; ð13Þ

with the symbol ⁄ meaning complex conjugation. The source term
P corresponds to all possible interactions between the primary
waves which generate the difference-frequency pressure.

2.4. Boundary conditions

The uniqueness of solutions of Eqs. (8) and (12) depend on the
acoustic boundary conditions across the scatterer object boundary.
To find these conditions the physical constraints of the scattering
problem should be analyzed.

First of all, the presence of primary and secondary pressures in-
duces the object itself to move. Consequently, an acoustic emission

by the object takes place in the host fluid, which means further
scattering. If both the object density is large and its compressibility
is small compared to those of the host fluid, the acoustic emission
represents only a small correction to the main scattering due to the
presence of the object in the medium [35]. In our analysis, this cor-
rection is neglected and the object is considered immovable.
Therefore, the boundary condition for a rigid and immovable
sphere of radius a is that the normal component of the particle
velocity should vanish on the sphere’s surface.

The particle velocity is given in second-order approximation as

v ¼ evð1Þ þ e2vð2Þ; e' 1; ð14Þ

where vð1Þ and vð2Þ are the linear and the second-order velocity
fields, respectively. Thus, for the linear velocity we have
vð1Þ ( erjr¼a ¼ 0, where er is the outward normal unit-vector on the
sphere’s surface. From the linear momentum conservation equation
q0ð@vð1Þ=@tÞ ¼ #rpð1Þ, we find the following condition for the pri-
mary total pressure

@ðp̂i;n þ p̂s;nÞ
@r

% &

r¼a
¼ 0: ð15Þ

This is known as the Neumann boundary condition. After substitut-
ing Eqs. (6) and (10) into this equation, one obtains the scattering
coefficient as sm

nl ¼ snlam
nl , where

snl ¼ #
j0lðknaÞ

hð1Þ0l ðknaÞ
; ð16Þ

with the prime symbol meaning derivation.
The second-order particle velocity satisfies the conservation

equation [36]

q0
@vð2Þ

@t
þrðpð2Þ þ LÞ ¼ 0; ð17Þ

where L ¼ ðq0=4Þ!2/ð1Þ2 is the Lagrangian density of the wave, with
!2 being the d’Alembertian operator. The function /ð1Þ is the first-
order velocity potential. Projecting Eq. (17) on er at the sphere’s sur-
face, one finds

@pð2Þ

@r

''''
r¼a
¼ #@L

@r

''''
r¼a
: ð18Þ

Now, using the linear relation pð1Þ ¼ q0ð@/
ð1Þ=@tÞ, Eqs. (2) and (18),

one obtains the boundary condition for the difference-frequency
pressure as

@p̂#
@r

''''
r¼a
¼ # k2

#
2k1k2

@P
@r

'''''
r¼a

: ð19Þ

2.5. Green’s function approach

The solution of Eq. (12) can be obtained through the Green’s
function method. Because the normal derivative of the differ-
ence-frequency pressure is specified on the sphere’s surface, the
normal derivative of the Green’s function on this surface should
vanish in order to avoid overspecification in the method. Thereby,
the difference-frequency pressure amplitude is given in terms of
the Green’s function Gðrjr0Þ by [37]

p̂#ðrÞ ¼ #bk2
#

Z

V
Pðr0ÞGðrjr0ÞdV 0 þ ðr

2 # k2
#ÞP

4k1k2
# k2

#
2k1k2

)
Z

S

@P
@r0

# $

r0¼a
Gðrjr0ÞdS0; ð20Þ

where S denotes the sphere’s surface and V is the volume of the spa-
tial region from S to infinity. Note that Eqs. (2) and (19) have been
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used in the derivation of Eq. (20). The second term in the right-hand
side of Eq. (20) is related to the second term in the right-hand side
of Eq. (2).

The contribution of the surface integral for two interacting
spherical waves (monopoles) is found to be k3

!=ðk1k2Þ2 in Appendix
A. In contrast, it will be shown in Eq. (25) that the magnitude of the
volume integral in Eq. (20) is proportional to bk!=ðk1k2Þ. Thus, the
ratio of the volume to the surface integral is k2

!=ðbk1k2Þ. It is conve-
nient to write the primary angular frequencies in a symmetric way
as follows x1 ¼ x0 !x!=2 and x2 ¼ x0 þx!=2, where x0 is the
mean frequency. Now the ratio between the integrals can be ex-
pressed as b!1½ðx0=x!Þ2 ! 1=4'!1. Note that x0=x! is the downshift
ratio. If the contribution from the surface integral is about 0.01 of
that from the volume integral in water, the downshift ratio should
be larger than five. Therefore, limiting our analysis to downshift ra-
tios larger than five, we can neglect the surface integral in Eq. (20).

The volume integral in Eq. (20) can be split into two regions:
a 6 r0 < r (inner source volume) and r < r0 (outer source volume).
In Appendix B, the integral corresponding to the outer volume is
estimated for two interacting spherical waves. The result shows that
this integral is Oðr!2Þ. It will be demonstrated that the inner volume
integral evaluated in the farfield k!r ( 1 is Oðr!1Þ. Hence, keeping
only Oðr!1Þ terms in the difference-frequency scattered pressure,
the contribution of the outer volume integral can be neglected.

The contribution of the second term in the right-hand side of Eq.
(20), i.e. the term related to local effects, in the farfield is Oðr!2Þ as
long as the incident waves behave as Oðr!1Þ in the farfield. There-
fore, in the farfield the difference-frequency pressure amplitude is
given by

p̂!ðrÞ ’ !bk2
!

Z r

a

Z

X
Pðr0ÞGðrjr0Þr02 dr0 dX0; ð21Þ

where dX0 is the infinitesimal solid angle and the integration is per-
formed on the surface of the unit-sphere X.

In the region r0 < r, the Green’s function which satisfies the
Neumann boundary condition on the sphere’s surface is given by
[38]

G ¼ ik!
X

l;m

hð1Þl ðk!rÞvlðk!r0ÞYm
l ðh;uÞY

m)
l ðh

0;u0Þ; ð22Þ

where

vlðk!r0Þ ¼ jlðk!r0Þ ! j0lðk!aÞ
hð1Þl

0
ðk!aÞ

hð1Þl ðk!r0Þ: ð23Þ

After using the large argument approximation of the spherical Han-
kel function [40] in Eq. (22), we find the Green’s function in the far-
field as

G ¼ eik!r

r

X

l;m

i!lvlðk!r0ÞYm
l ðh;uÞY

m)
l ðh

0;u0Þ: ð24Þ

Now, substituting this equation into Eq. (21) along with Eqs. (6) and
(10), we obtain the difference-frequency scattered pressure ampli-
tude in the farfield as

p̂!ðr; h;uÞ ¼
bk!
k1k2

f!ðr; h;uÞ
eik!r

r
; k!r ( 1; ð25Þ

where

f!ðr; h;uÞ ¼
X

l;m

Sm
l ðrÞY

m
l ðh;uÞ ð26Þ

is the difference-frequency scattering form function. The interaction
function is expressed as

Sm
l ¼ !i!l

X

l1 ;m1

X

l2 ;m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þ

4pð2lþ 1Þ

s

* Cl;0
l1 ;0;l2 ;0

Cl;m
l1 ;m1 ;l2 ;m2

am1)
1;l1

am2
2;l2

* .ðIIÞl1 l2 l þ s)1;l1.
ðSIÞ
l1 l2 l þ s2;l2.

ðISÞ
l1 l2 l þ s)1;l1 s2;l2.

ðSSÞ
l1 l2 l

" #
; ð27Þ

where Cl;m
l1 ;m1 ;l2 ;m2

is the Clebsch–Gordan coefficient, which come
from the angular integration through the identity [41]

Z

X
Ym1

l1
Ym2

l2
Ym

l dX ¼ ð!1Þm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þ

4pð2lþ 1Þ

s

* Cl;0
l1 ;0;l2 ;0

Cl;!m
l1 ;m1 ;l2 ;m2

: ð28Þ

The Clebsh–Gordan coefficient satisfies the following conditions
[42]

m1 þm2 ¼ m;
jl2 ! l1j 6 l 6 l1 þ l2; ð29Þ

otherwise it values zero. Furthermore, when m1 ¼ m2 ¼ m ¼ 0 the
l1 þ l2 þ l should be even, otherwise the coefficient becomes zero.
The cumulative radial functions .ð++Þ stands for each possible
interaction of the primary waves, i.e. incident-with-incident (II),
scattered-with-incident (SI), incident-with-scattered (IS), and
scattered-with-scattered (SS). They are given by

.ðIIÞl1 l2 l ¼ k1k2k!
Z r

a
vlðk!r0Þjl1 ðk1r0Þjl2 ðk2r0Þr02 dr0; ð30Þ

.ðISÞl1 l2 l ¼ k1k2k!
Z r

a
vlðk!r0Þjl1 ðk1r0Þhð1Þl2

ðk2r0Þr02 dr0; ð31Þ

.ðSIÞ
l1 l2 l ¼ k1k2k!

Z r

a
vlðk!r0Þhð2Þl1

ðk1r0Þjl2 ðk2r0Þr02 dr0; ð32Þ

.ðSSÞ
l1 l2 l ¼ k1k2k!

Z r

a
vlðk!r0Þhð2Þl1

ðk1r0Þhð1Þl2
ðk2r0Þr02 dr0: ð33Þ

Equations (25) and (26) along with Eqs. (30)–(33) describe the
difference-frequency generation in the nonlinear scattering of
two primary incident waves with arbitrary wavefront from a
spherical target.

In the upcoming analysis, it is useful to decompose the differ-
ence-frequency pressure amplitude following the contribution of
each primary interaction as given in Eq. (27). Accordingly, we write

p̂! ¼ p̂ðIIÞ! þ p̂ðIS;SIÞ
! þ p̂ðSSÞ

! ; ð34Þ
where the super-indexes stand for the interaction of the primary
waves and p̂ðIS;SIÞ

! ¼ p̂ðISÞ! þ p̂ðSIÞ
! . According to Eq. (13) each term in

Eq. (34) is related to the primary pressure as follows:
p̂)i;1p̂i;2 ! p̂ðIIÞ! ; p̂)i;1p̂s;2 þ p̂)s;1p̂i;2

" #
! p̂ðIS;SIÞ

! , and p̂)s;1p̂s;2 ! p̂ðSSÞ
! .

We will show later that the scattered-with-scattered interac-
tion provides the most relevant contribution to difference fre-
quency generation analyzed here. Thus, let us examine the
asymptotic behavior of .l1 l2 lðrÞ

ðSSÞ with k!r ( 1. In doing so, we
introduce a new variable u ¼ r0=r in Eq. (33) and then

.ðSSÞ
l1 l2 lðrÞ ¼ k1k2k!r3

Z 1

a=r
vlðk!ruÞhð2Þl1

ðk1ruÞhð1Þl2
ðk2ruÞu2 du: ð35Þ

Since the integrand uniformly approaches to the product of the
asymptotic formulas of the spherical functions with large argument
in the interval a=r 6 u 6 1, then in the farfield this integral can be
written as [47]

.ðSSÞ
l1 l2 lðrÞ ¼ il1!l2

*
Z 1

a=r
sin k!ru! lp

2

$ %
! i!l!1j0lðk!aÞ

hð1Þl

0
ðk!aÞ

eik!ru

" #
eik!ru

u
du:

ð36Þ

Therefore,

.ðSSÞ
l1 l2 lðrÞ ¼ !

ilþl1!l2!1

2
ln

r
a

" #
! ð!1Þl

2j0lðk!aÞ
hð1Þl 0ðk!aÞ

! 1

 !

½ip! Eið2ik!aÞ'

( )

;

k!r( 1; ð37Þ

where Ei is the exponential integral function.
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As a result, the contribution provided by the scattered-with-
scattered interaction to the difference-frequency scattered pres-
sure varies with the radial distance r as follows

p̂ðSSÞ
# ¼ A1

ln r
r
þ A2

r
; ð38Þ

where A1 and A2 are constants to be determined from Eqs. (25)–
(27). The r#1 ln r term happens only in regions containing primary
energy (volume sources). Furthermore, it is known as ‘‘continuously
pumped sound waves’’, while the 1=r term is called ‘‘scattered
sound wave’’ [9].

2.6. Difference-frequency scattered power

The scattered power at difference-frequency is given by

P#ðrÞ ¼
e4q0c3

0r2

2

Z

X
Re p̂&#v̂#
! "

' er dX; ð39Þ

where ‘Re’ means the real-part and the amplitude v̂# comes from
the difference-frequency particle velocity v# ¼ e2c0v̂#e#ix#t . In the
farfield, cumulative effects are dominant in difference-frequency
generation. Thus, referring to Eq. (17) we find that
v̂# ’ #ði=k#Þrp̂#. After using this result along with Eq. (25) and
(26) into Eq. (39), one obtains

P#ðrÞ ¼
e4q0c3

0b
2k2
#

2k2
1k2

2

X

l;m

Sm
l ðrÞ

## ##2: ð40Þ

According to Eq. (38) the difference-frequency scattered pres-
sure varies logarithmically with the radial distance r. This result
is also known for two concentric outgoing spherical waves [22].
Consequently, the scattered power given in Eq. (40) will increase
without limit as r !1, unless some account is taken to absorption
processes of the primary waves.

2.7. Series truncation

To compute Eq. (26), we have to estimate a priori the number of
terms L# in order to truncate the infinite series. This is done by per-
forming a truncation of the incident partial-wave expansion given
in Eq. (6). Let L1 and L2 be the truncation orders corresponding to
the series expansions of the primary waves (incident or scattered)
with frequency x1 and x2, respectively. The parameters L1 and L2

are related, respectively, to the indexes l1 and l2 in Eq. (27). To
determined L1 and L2, we employ the following rule [43,44]

Ln ( knxþ cðknxÞ1=3; n ¼ 1;2; ð41Þ

where c is a positive constant related to the truncation numerical
precision, and x is a characteristic dimension involved in the wave
propagation. For instance, x can be the scatterer radius or a linear
dimension of an interaction region of the incident waves. Once L1

and L2 are established, the truncation order L# of Eq. (26) is given
through Eq. (29) as L# ¼ L1 þ L2.

3. Results and discussion

To illustrate the solution obtained for the difference-frequency
scattered pressure given in Eq. (25), we consider a spherical
scatterer suspended in water, in which c0 ¼ 1500 m=s;q0
¼ 1000 kg=m3, and b ¼ 3:5 (at room temperature). The sphere is
insonified by two intersecting plane waves which are confined in
a spherical region of radius R. This region is centered on the scat-
terer as shown in Fig. 2. The incident wavevectors are denoted
by k1 and k2. Yet this model is not entirely realistic, spatially con-
fined plane waves with fast spatial decay can be experimentally
produced by means of focused transducers [29].

The partial wave expansion of each plane wave is given by [39]

p̂i;n ¼ 4p
X

l;m

ilYm&
l ðhn;unÞjlðknrÞYm

l ðh;uÞ; r 6 R; ð42Þ

where n ¼ 1;2 and kn is given in terms of ðkn; hn;unÞ, with hn and un

being the polar and azimuthal angles, respectively. Comparing Eqs.
(42) and (6) we find that the beam-shape coefficient is given by

am
nl ¼ 4pilYm&

l ðhn;unÞ: ð43Þ

For radial distances larger than R the incident pressure amplitude
vanishes, i.e. p̂i;n ¼ 0. Hence, the integration interval of Eqs. (30)–
(32) should be a 6 r0 6 R.

The scattering problem can be further simplified by assuming
that one plane wave propagates along the z-axis, thus, k1 ¼ k1ez,
with ez is the Cartesian unit-vector along the z-axis. Whereas the
other wave travels along the direction determined by
k2 ¼ sinðh2Þex þ k2 cosðh2Þez, where ex is the Cartesian unit-vector
along the x-axis. Unless specified, the scatterer radius is
a ¼ 1 mm, the spherical region of the plane waves has radius
R ¼ 2:4 mm, the radial observation distance is r ¼ 0:1 m, and the
mean- and the difference-frequency are x0=2p ¼ 1:5 MHz and
x#=2p ¼ 100 kHz, respectively. Thus, the downshift ratio is fifteen.
These parameters are in the same range as those used in some non-
linear acoustical imaging methods [14,15,29]. The size factors in-
volved in the scattering problem are k#R ¼ 1; k1R ¼ 14:5; k2R ¼
15:5; k#a ¼ 0:41; k1a ¼ 6:07; k2a ¼ 6:49; k#r ¼ 41:88, k1r ¼
607:37, and k2r ¼ 649:26. The truncation orders are determined
by setting the parameter c ¼ 4 (four precision digits) in Eq. (41).
Hence, the truncation orders for p̂ðIIÞ# ; p̂ðISÞ# , p̂ðSIÞ

# , and p̂ðSSÞ
# are respec-

tively given by ðL#; L1; L2Þ ¼ ð69;33;36Þ; ð48;33;15Þ; ð51;15;36Þ;
ð29;14;15Þ.

The integrals in Eqs. (30)–(33) can be solved analytically for
arbitrary combinations of the indexes l; l1, and l2. Nevertheless,
the number of terms in the solution grows combinatorially with
the indexes. In the present example, the analytic solution of the
integrals seems not to be practical. Hence, the integrals are solved
numerically by using the Gauss–Kronrod quadrature method [45].

The directive pattern in the xz-plane of the difference-frequency
scattered pressure given in Eq. (25) and produced by two collinear
plane waves (h2 ¼ 0) are shown in Fig. 3. The dimensionless pres-
sures p̂ðIIÞ# ; p̂ðIS;SIÞ

# , and p̂ðSSÞ
# are also exhibited. The magnitudes of

these functions are normalized to the maximum value of jp̂j which
is 0.0807. The contribution from p̂ðIS;SIÞ

# is small compared to other
dimensionless pressures. In the region 30) < h < 330), the differ-
ence-frequency scattered pressure is dominated by p̂ðIIÞ# . Both p̂ðIIÞ#
and p̂ðSSÞ

# give a prominent contribution to the difference-frequency
scattered pressure when h < 30) and h > 330). In this case, the con-
tribution of p̂ðIIÞ# corresponds to 25% of the scattered difference-fre-

Fig. 2. Scattering of two confined plane waves from a sphere of radius a. The
wavevectors are denoted by k1 and k2. The incident plane waves propagate only
within the spherical region of radius R.
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quency pressure. The magnitude of this pressure mostly occurs in
the forward scattering direction ðh ¼ 0#Þ. We notice that as the ra-
dius R of the spherical region increases, the role of p̂ðIIÞ% overcomes
the contribution of the scattered-with-scattered interaction. The
spatial behavior of p̂ðSSÞ

% resembles that of the linear scattered pres-
sure by the sphere as shown in Fig. 3b.

The dimensionless pressure p̂ðIIÞ% is related to a parametric array
whose primary waves are confined in the spherical region of radius
R. We can obtain an approximate solution of the parametric array
pressure in the farfield, when r ¼ rez (forward scattering direction
h ¼ 0#). To calculate the parametric array pressure we consider the
source term in Eq. (21) as P ¼ eik%r0 cos h0 . Moreover, we approximate
the Green’s function in the farfield to

G ¼ ik%ðr % r0 cos h0Þ
4pr

: ð44Þ

Thus, substituting the source term and the Green’s function into Eq.
(21), we find that the dimensionless parametric array pressure is gi-
ven by

p̂ðPAÞ
% ’ %bk2

%R3 eik%r

3r
; h ¼ 0#: ð45Þ

Using the physical parameters of Fig. 3, we find good agreement be-
tween this pressure and p̂ðIIÞ% , with relative error smaller than 9%.
This error might be caused by the presence of the scatterer in the
spherical confining region, which is not accounted by Eq. (45).

The directive pattern in the xz-plane of the difference-frequency
scattered pressure produced by two intersecting plane waves at a
right angle ðh2 ¼ 90#Þ is displayed in Fig. 4. The component p̂ðIIÞ% cor-

responds to less 1% of the total pressure and it cannot be seen in
this figure. This result is in agreement with early studies which
state that two intersecting plane waves at right angle do not pro-
duce difference-frequency pressure outside the intersecting region
[7]. The term p̂ðIS;SIÞ

% does not contribute significantly to difference-
frequency scattered pressure. Thus, p̂ðSSÞ

% is responsible for this
pressure. The mainlobes of the difference-frequency scattered
pressure lies on the forward scattering directions ðh ¼ 0#;90#Þ of
each incident wave as depicted in Fig. 4b. Furthermore, these lobes
follow the pattern of the linear scattered mainlobes as shown in 4b.

In Fig. 5, we show the directive pattern in the xz-plane of the
difference-frequency scattered pressure generated in the scatter-
ing of two counter-propagating plane waves ðh2 ¼ 180#Þ. The con-
tributions of p̂ðIIÞ% and p̂ðIS;SIÞ

% are small compared to that from p̂ðSSÞ
% . It

is known that the counter-propagating waves weakly interact non-
linearly [50]. Thus, the difference-frequency pressure is practically
due to p̂ðSSÞ

% . The pressure is not symmetric due to a difference in the
incident wave frequencies. The difference-frequency pressure fol-
lows the behavior of the linear scattered pressures shown in
Fig. 5b.

The dependence of the difference-frequency scattered pressure
with the radial distance r is exhibited in Fig. 6. The pressure is cal-
culated in the forward scattering direction h ¼ 0#. In all cases, the
main contribution to this pressure comes from p̂ðSSÞ

% . Note that
according to Eq. (38), the difference-frequency scattered pressure
varies as A1r%1 ln r þ A2r%1.

The scattered pressure varying with difference-frequency is
shown in Fig. 7. The pressure is evaluated at r ¼ 0:5 m in the for-
ward scattering direction h ¼ 0#. In all configurations, the scattered

(a) (b)
Fig. 3. The directive pattern in the xz-plane of (a) the difference-frequency scattered pressure (normalized to maximum value of jp̂%j which is 0.0823) generated by two
collinear plane waves and (b) the linear scattered pressures. The physical parameters used here are r ¼ 0:1 m; R ¼ 2:4 mm; a ¼ 1 mm; x0=2p ¼ 1:5 MHz, and
x%=2p ¼ 100 kHz. The corresponding size factors are k%R ¼ 1; k1R ¼ 14:5; k2R ¼ 15:5; k%a ¼ 0:41; k1a ¼ 6:07; k2a ¼ 6:49; k%r ¼ 41:88, k1r ¼ 607:37, and k2r ¼ 649:26.
The arrows indicate the direction of the incident wavevectors.

(a) (b)
Fig. 4. The directive pattern in the xz-plane of (a) the difference-frequency pressure (normalized to 0.0134) produced by two perpendicular plane waves and (b) the linear
scattered pressures. The physical parameters used in the evaluation here are the same as those described in Fig. 3. The arrows point to the direction of the incident
wavevectors.
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pressure increases with difference-frequency. The difference-fre-
quency scattered pressures due to the perpendicular and coun-
ter-propagating incident plane waves have very close
magnitudes. According to Eqs. (25) and (38), the scattered pressure
varies with difference-frequency as x!f ðx!Þ, where f is a function
determined in these equations. Moreover, by referring to Eq. (25)
one can show that the difference-frequency scattered pressure di-
verges when x! ! 2x0 and x1 ! 0. Physically the scattered pres-
sure does not diverge, but it decays due to attenuation instead.

It is worthy to relate our analysis with a previous theoretical
study on difference-frequency generation in acoustic scattering
[25]. We have tried to draw a direct comparison between this work
and the method presented here. Unfortunately, we could not
reproduce the reference’s results due to the presence of angular
singularities in the difference-frequency scattered fields. Therefore,
no comparison was possible. Furthermore, we did try to explain
the experimental results of difference-frequency generation in
the scattering given in Ref. [48]. In this study, a nonlinear scatter-
ing experiment was performed involving two collinear beams and
a spherical target. The incident waves are generated by a circular
flat transducer. Despite the authors claim that the incident beams
approach to plane waves, the directive patterns of the linear scat-
tered waves obtained in the experiments do not follow this
assumption (see Ref. [49]). Since the scattering does not involve

incident plane waves, a direct comparison of our theory (for plane
waves) and the experimental results is not reasonable. However,
one of the conclusions of Ref. [48] is that the difference-frequency
scattered pressure is mostly produced by the incident-with-
incident and the scattered-with-scattered interactions. This
conclusion is supported by our results.

4. Summary and conclusions

The difference-frequency generation in the scattering of two
interacting acoustic waves with an arbitrary wavefront by a rigid
sphere was theoretically analyzed. The difference-frequency scat-
tered pressure in the farfield was obtained as a partial-wave series
expansion. The amplitude of each partial-wave is given by the
interaction function Sm

l , which depends on the observation distance
from the scatterer, the beam-shape and scattering coefficients of
the primary waves. The developed method was applied to the scat-
tering of two intersecting plane waves located within a spherical
region. The directive pattern of the difference-frequency scattered
pressure was analyzed in three incident wave configurations: col-
linear, perpendicular, and counter-propagating. In the collinear
arrangement, the incident-with-incident and scattered-with-scat-
tered interactions provide a more prominent contribution to the
scattered pressure. In all other configurations, the scattered-

(a) (b)
Fig. 5. The directive pattern in the xz-plane of (a) the difference-frequency scattered pressure (normalized to 0.0178) due to two counter-propagating plane waves and (b) the
linear scattered pressures. The physical parameters used here are the same as those described in Fig. 3. The arrows point to the direction of the incident wavevectors.
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Fig. 7. The (dimensionless) scattered pressure magnitude versus the difference-
frequency. The physical parameters used in the evaluation here are the same as
those described in Fig. 3.
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forward scattering direction h ¼ 0% varying with the radial distance r. The physical
parameters used in here are the same as those described in Fig. 3.
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with-scattered interaction prevails over the other interactions. The
results show that the scattered pressure increases with difference-
frequency. Experimental evidence of this feature was reported in
Ref. [19]. Moreover, the scattered pressure was shown to vary with
the observation distance as r!1 ln r and 1=r.

Sound absorption effects in the fluid were not considered. If
only compressional waves are assumed to propagate in a weakly
viscous fluid, the proposed model can readily accommodate
absorption effects by changing the wavenumber k! kþ ia, where
a is the absorption coefficient. Attenuation may affect the obtained
results here in at least one way. Both incident and scattered waves
at the fundamental frequencies x1 and x2 are more attenuated
than the difference-frequency scattered wave. Thus, the nonlinear
interaction range of the fundamental waves in a viscous fluid is
shorter than in a nonviscous fluid. Consequently, a less differ-
ence-frequency scattered signal is supposed to be formed in a vis-
cous fluid.

In conclusion, this article presents the difference-frequency
generation in nonlinear acoustic scattering of two incident waves
with an arbitrary wavefront. This study can help unveil important
features of acoustic scattering not dealt with before.
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Appendix A. Surface integral

According to Eq. (19) the surface integral in Eq. (20) is given by

IS ¼ !
ðk!aÞ2

2k1k2

Z

X
Gðr; h;uja; h0;u0Þ@P

@r0

!!!!
r0¼a

dX0: ðA:1Þ

This integral will be estimated for two interacting spherical waves.
Thus, the source term P is given by

Pðr0Þ ¼ eik!r0

k1k2r02
: ðA:2Þ

From Eq. (24) the Green’s function becomes

G ¼ k!a
eik!r

r

X

l;m

ð!iÞl

hð1Þ0l ðk!aÞ
Ym

l ðh
0;u0ÞYm

l ðh;uÞ: ðA:3Þ

Substituting Eqs. (A.2) and (A.3) into Eq. (A.1), yields

IS ¼
k3
!

2k2
1k2

2

ð2iþ k!aÞ e
ik!ðr!aÞ

r
: ðA:4Þ

Appendix B. Outer volume integral

The outer volume integral reads

I1 ¼ bk2
!

Z 1

r

Z

X
G1ðrjr0ÞPðr0Þr02 dr0 dX0; ðB:1Þ

where the Green’s function is given by [46]

G1 ¼ ik!
X

l;m

vlðk!rÞhð1Þl ðk!r0ÞYm
l ðh;uÞY

m&
l ðh

0;u0Þ; ðB:2Þ

with a 6 r < r0. We assume that the source term is due the interac-
tion of two spherical waves as given in Eq. (A.2). By substituting Eqs.
(A.2) and (B.2) into Eq. (B.1), one finds

I1 ¼
bk!
k1k2

v0ðk!rÞ
Z 1

r

e2ik!r0

r0
dr0: ðB:3Þ

After integrating by parts, we obtain

I1 ¼
bk!
k1k2

v0ðk!rÞ e2ik!r

r
þ Oðr!2Þ

" #
: ðB:4Þ

Therefore, evaluating v0ðk!rÞ through the expressions of the spher-
ical functions, we find I1 ¼ Oðr!2Þ.
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