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Resumo

Esta tese investiga os efeitos da superfície e de tamanho finito nas transições de fase de
filmes livremente suspensos e os efeitos de campo elétrico no bulk na fase esmética-C. Inicial-
mente, é feita uma revisão dos modelos microscópicos existentes e amplamente utilizados para
a descrição das transições de fase em sistemas lineares apresentando fases nemática e esmética-
A. Em seguida, revisamos o modelo desenvolvido por Govind e Madhusudana, descrevendo a
transição de fase do esmética-C–esmética-A. Motivados por sua abordagem, propomos um novo
modelo teórico para descrever as transições de fase em sistemas que apresentam a fase esmética-
C. Usando um potencial de campo médio para uma partícula, mostramos que o diagrama de fase
de compostos líquidos-cristalinos com um pequeno dipolo transversal pode ser razoavelmente
descrito quando a contração das camadas esméticas induzida pela inclinação das moléculas é
considerada e com um número reduzido de parâmetros do modelo. Com o objetivo de estender
o modelo proposto para filmes livremente suspensos, o modelo de McMillan-Mirantsev para
filmes livremente suspensos na fase esmética-A é revisado. O modelo introduzido por Mirant-
sev mostra que o ancoramento superficial estabiliza a fase esmética para temperaturas acima da
temperatura de transição do bulk. Considerando um perfil do ângulo de inclinação e uma versão
discreta do potencial de campo médio para uma partícula, a interação do ancoramento superfi-
cial e os efeitos de tamanho finito afetam o comportamento dos parâmetros de ordem nos filmes
livremente suspensos na fase esmética-C. A temperatura de transição mostra-se dependente do
ordenamento da superfície e da espessura do filme. A ordem orientacional imposta pelo anco-
ramento superficial estabiliza o parâmetro de ordem de inclinação na superfície do filme acima
da temperatura de transição esmética-C–esmética-A do bulk. As camadas superficiais conse-
quentemente permanecem na fase de esmética-C, enquanto as camadas centrais sofrem uma
transição de fase de esmética-C–esmética-A. O efeito de um campo elétrico externo é consid-
erado em amostras no bulk da fase esmética-C, induzindo uma reorientação do vetor diretor
possibilitando a supressão da fase isotrópica e o aparecimento de fases nemáticas residuais e
induzidas pelo campo.

Palavras-chave: 1. Cristais líquidos. 2. Fase esmética-C. 3. Efeitos de superfície. 4.
Efeitos de campo elétrico. 5. Transições de fase. 6. Filmes livremente suspensos.
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Abstract

This thesis investigates surface and finite size effects on the phase transitions of free-standing
smectic-C films and electric field effects in the bulk. Initially, a review is given of existing and
widely used microscopic models for the description of phase transitions in liquid-crystalline
systems presenting nematic and smectic-A phases. We then review the model developed by
Govind and Madhusudana, describing the smectic-C–smectic-A phase transition. Motivated by
their approach, we propose a new theoretical model to describe phase transitions in systems
presenting the smectic-C phase. Using a single-particle mean-field potential, we show that the
phase diagram of liquid-crystalline compounds with a small transverse dipole can be reasonably
described when the tilt-induced contraction of smectic layers is considered and with a reduced
number of model parameters. Aiming to extend the proposed model for freely suspended films,
McMillan-Mirantsev’s model for free-standing smectic-A films is reviewed. The model intro-
duced by Mirantsev shows that surface anchoring stabilises the smectic phase for temperatures
above the bulk transition temperature. Considering a tilt angle profile and a discrete version of
the single-particle mean-field potential, the interplay of surface anchoring and finite size effects
affects the behaviour of the order parameters in free-standing smectic-C films. The transition
temperature is shown to depend on surface ordering and film thickness. The orientational order
imposed by surface anchoring is shown to stabilise the tilt order parameter in the film surface
above the bulk smectic-C–smectic-A transition temperature. Surface layers therefore remain in
the smectic-C phase, while the central layers undergo a smectic-C–smectic-A phase transition.
The effect of an external electric field is considered in smectic-C bulk samples, inducing a re-
orientation of the director vector and thus enabling the suppression of the isotropic phase and
the appearance of residual and field-induced nematic phases.

Keywords: 1. Liquid crystals. 2. Smectic-C phase. 3. Surface effects. 4. Electric field
effects. 5. Phase transitions. 6. Free-standing films.
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I

INTRODUCTION

I n everyday life, we encounter matter in three different states of aggregation1: solid, liquid
and gaseous. The constituents of organic and inorganic compounds are organised dif-
ferently for each state. Crystalline solids are three-dimensional periodic networks, with

long-range positional and orientational order, whereas isotropic liquids and gases present short-
range order. Consequently, the former tends to not deform under shear stresses, whereas the
latter tends to flow. These states are qualitatively distinguished with respect to the substances’
components interactions and, consequently, its global structure and mobility. Transitions be-
tween states are characterised by discontinuities in thermodynamic variables such as entropy
and volume, however certain organic compounds can undergo multiple transitions, via inter-
mediate states between the crystalline solid and isotropic liquid phases. Each phase presents
distinct mechanical, optical and structural properties. Materials exhibiting these properties are
called mesogens and are characterised by geometrical or chemical, molecular anisotropies. The
phases found between solid and liquid states are called mesophases2 or more commonly, liquid
crystals.

To understand liquid crystals, the concept of ‘ordering’ is crucial. Solid crystalline phase con-
stituents are all spatially organised in a well-defined configuration, therefore showing long-
range positional and orientational order. Isotropic liquid phase constituents have short-range
positional and orientational order, and therefore diffusely flow. Liquids are isotropic, meaning
their properties are invariant under rotation. In contrast, anisotropic compounds possess both
positional and orientational order, i.e., a measurement returns different values when performed
along different axes. Solid crystalline phases show both long-range orientational and positional
order.

1From the Latin aggrego - collect, assemble.
2From the Greek mesos morphe - between phases.
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1.1. LIQUID CRYSTALS: HISTORY 2

Liquid crystals are characterised by long-range orientational order coexisting with different
degrees of positional ordering. Consequently, various molecular organisations exist, giving rise
to different liquid-crystalline phases.

The main feature of liquid crystals is their geometrical anisotropy. As a result, their optical,
electrical and magnetic properties resemble crystalline solids, while their mechanical proper-
ties resemble isotropic liquids. Furthermore, liquid crystals can be classified into mesophases,
distinguished by differences in symmetry and order.

1.1 Liquid Crystals: History

The first observation of liquid-crystalline behaviour dates from 1850, when German chemist
Wilhelm Heintz observed two partial melting points in natural fats. However, the discovery of
liquid-crystalline phases is often attributed to Austrian botanist Friedrich Reinitzer who, while
heating a sample of cholesteryl benzoate (an ‘ester’ derived from carrots) in 1888, realised that
the compound presented two distinct melting points [1, 2]. At 145.5◦ C, the solid melts into
a cloudy liquid, and at 178.5◦ C, the liquid turns transparent. In addition, the phenomenon
appeared to be reversible and exhibited singular colorations for both transitions. Reinitzer sent
samples to Otto Lehmann [3], a German physicist, who then studied the compound using po-
larised light microscopy. He discovered that, in the presence of polarised light, the compound
becomes crystal-like, leading him to propose the name liquid crystals.

A few years after Reinitzer’s discovery, experiments were already being carried out to under-
stand why the properties of liquid crystals changed in the vicinity of surfaces. In 1904, Otto
Lehmann [4] successfully suspended tiny drops of nematic liquid crystals in a viscous material.
He was the first to document what is now known as the ‘Memory Effect’, where the properties
of confined liquid crystals reappear, after being removed by heating, and then cooled to the
initial temperature.

In 1907, the German chemist Daniel Vorländer [5, 6] discovered that a linear and elongated
molecular structure was a prerequisite for mesophases. In 1922, French mineralogist Georges
Friedel [7] proposed the classification of liquid-crystalline phases into nematic, smectic and
cholesteric. Friedel suggested that liquid crystal molecules could be oriented by an electric
field, and also discussed the presence of defects.

In 1929, Vsevolod Fréedericks [8] presented his work on the competition between confining and
electromagnetic forces in liquid crystals. After, in 1933, the idea of treating liquid crystals as
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elastic materials was proposed by Carl Oseen [9, 10] and Hans Zöcher [11] by considering the
molecules from a mechanical point of view. In 1958, Frederick Charles Frank [12] reformulated
Oseen’s theory in the so-called Continuous Theory, describing the elastic properties of liquid
crystals. In 1942, V. Tsevtkov [13] introduced the orientational parameter, s, defined with
respect to the average angle between a component molecule’s axis and the system’s global
orientation.

In 1961, the physicists Wilhelm Maier and Alfred Saupe [14–16] formulated a microscopic the-
ory relating molecular characteristics to liquid-crystalline phases. In the same decade, French
physicist Pierre-Gilles de Gennes began his work on liquid crystals and noticed their similarities
with superconductors and magnetic materials, on which he had previously worked. In 1991, de
Gennes received the Nobel Prize in Physics for discovering that methods used to study ordering
in simpler systems can be generalised to more complex systems, such as liquid crystals.

Experimental work carried out by Dreyer [17], Sheng [18, 19], Pieranski [20] and Jerome [21–
24] considered liquid crystal ordering near surfaces. In 1971, Dreyer reported that rubbed
surfaces can induce orientation in the nematic phase, suggesting that the alignment induced by
surfaces is geometric in origin, rather than chemical or intermolecular.

Liquid crystals remain, to this day, an object of much research, mainly due to the numerous
applications of compounds that present these mesophases.

1.2 Applications

The discovery of liquid crystals has had a huge impact on science, engineering and technology,
with an undying stream of new applications. Their anisotropy allows electric and magnetic
fields to manipulate their optical properties. The basis of the technological applications of
liquid crystals is the possibility of light modulation by changing their optical properties.

The principal application of liquid crystals is liquid crystal displays, LCDs. The LCD industry
emerged in the 1970s with displays for digital devices such as wristwatches and calculators.
With the development of touch-sensitive LCD screens, a new generation of portable devices
emerged, such as smartphones and tablets. In addition to displays, liquid crystals can also
be used to measure temperature through the selective reflection property of cholesteric liquid
crystals [25]. These reflect light with a wavelength equal to the pitch of the material, a property
defined in Chapter 2. Since the pitch depends on the temperature, the reflected colour is also
dependent on the temperature. In this way, liquid crystals can be used as temperature sensors.
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Disposable liquid crystal thermometers, which are safer than their mercury equivalents, have
been developed for medical and domestic use.

Another area in which liquid crystals have been widely used is Cosmology. Cosmological mod-
els of the early universe have topological defects resulting from phase transitions that occurred
in the early moments of the universe. The formation of topological defects in liquid crystals is
similar to that observed in cosmological models, making nematic liquid crystals a great tool for
the study of the primordial universe [26].

A recent application of liquid crystals is the manufacture of materials with a negative refractive
index, known as metamaterials. Optical metamaterials are a new class of materials with the
potential for a variety of applications, including invisibility devices. Nanostructured materi-
als based on nanoparticles and liquid crystals allow the manufacture of tunable metamaterials
through the reorientation of nanoparticles in response to applied external fields [27, 28].

Thermally induced optical storage and erasure of scattering centres in thin films of smectic
liquid crystals have been studied and are believed to be the first to demonstrate contrast and
response times suitable for practical devices. Using thermo-optical effects, high-resolution
graphic images can be thermally recorded and erased by a focused X-Y deflected intensity-
modulated infrared laser beam. The liquid crystal may be locally heated, and therefore written
on by steering the focused laser beam across the cell. The image can be viewed either by the
naked eye through crossed polarisers, or with a simple aperture-type schlieren projection system
[29].

The potential for technological applications of mesogen compounds is enormous and is contin-
ually increasing with recent research on the characteristics of their mesophases.

1.3 Thesis Overview

This work studies surface and finite size effects in phase transitions of free-standing smectic-C
films and effects of applying external electric field on bulk samples.

Chapter 2 presents the general properties of liquid crystals, including their classification and
their most common phases. Order parameters are introduced and some liquid-crystalline phase
transitions are reviewed. Finally, surface and external field effects in the liquid-crystalline order
are discussed.
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Chapter 3 presents the main mean-field theories describing liquid crystal phase transitions, in-
cluding the well-established Maier-Saupe and McMillan theories, for those involving the ne-
matic and smectic-A phases respectively. The Govind-Madhusudana model is furthermore pre-
sented for phase transitions involving the smectic-C phase, which accounts for the dipolar origin
of molecular tilt. Finally, we propose a theoretical model similar to Govind-Madhusudana’s, but
which explicitly consider the layer contraction in the formation of the smectic-C phase. This
model satisfactorily describes phase transitions with a reduced number of free parameters.

Chapter 4 presents a description of phase transitions in free-standing films of compounds with a
lateral transverse dipole. The main characteristics of free-standing films are presented, as well
as a brief review of the McMillan-Mirantsev model for smectic-A films. Finally, we present
our extension of this model by introducing the discrete version of the tilting potential. The
tilt angle profile and surface anchoring is shown to stabilise the smectic-C film above the bulk
smectic-C–smectic-A transition temperature in the outermost layers.

Chapter 5 presents a description of phase transitions of compounds with a lateral transverse
dipole and its response to external electric fields. The contributions of the field-dipole interac-
tion and of the molecular polarisability anisotropy are considered. The electric field is shown
to influence the tilt angle and the order parameters for negative and positive polarisabilities.
The isotropic phase is shown to be suppressed along with the appearance of residual and field-
induced nematic phases.

Finally, Chapter 6 reviews the main results obtained and discusses perspectives for possible
extensions of the work presented. The papers resulting from this thesis are in the appendixes.
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II

FUNDAMENTAL PROPERTIES OF
LIQUID CRYSTALS

As aforementioned, liquid crystals are a state of matter encompassing multiple intermediary
phases between solid crystalline and liquid isotropic and whose molecular structure largely
determines their transition temperatures, as well as their optical and electro-optical properties.
In general, liquid crystalline materials possess different molecular structures despite always
being anisotropic. This chapter aims to study the fundamental properties of liquid crystals
necessary to understand the theories and results presented in the following chapters.

2.1 Classification of Liquid Crystals

To this day, thousands of organic and synthetic compounds are known to present liquid crys-
talline phases whose transitions can be classified by the properties and behaviour of various
physical parameters as well as on the environment surrounding them. In this context, there are
two main classifications: lyotropic and thermotropic.

2.1.1 Lyotropic Liquid Crystals

Lyotropic1 liquid crystals were first identified by German pathologist Rudolf Virchow [30] who
while studying myelin, a structure that covers nerve fibres, in water using polarised light, ob-
served birefringent textures.

1From the Greek lyo - dissolve and tropic - change.
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2.1. CLASSIFICATION OF LIQUID CRYSTALS 7

Lyotropic liquid crystals are formed by dissolving an amphiphilic2 compound (e.g. surfactants)
in a suitable solvent. Although variations in temperature and pressure are influential, the com-
ponents’ concentrations are mainly responsible for creating lyotropic liquid crystals.

Amphiphilic compounds possess a hydrophilic head, which is highly soluble in water and other
polar solvents, attached to a hydrophobic tail, which are soluble in non-polar solvents. At
concentrations above the critical micellar concentration (CMC), the amphiphilic molecules self-
organise into ordered aggregates. When dissolved in a polar solvent, typically an aqueous
solution, the hydrophilic heads interact strongly with the solvent, while the hydrophobic tails
are repelled by the solvent, forming micelles as shown in figure 2.1(a). Conversely, if the
solvent is non-polar, the hydrophobic tails interact more strongly with the solvent which causes
the hydrophilic heads to cluster, thus producing so-called reverse micelles, shown in figure
2.1(b).

Figure 2.1: Cross-sections of amphiphilic molecule producing (a) micelles and (b) reverse micelles.

Hydrophilic
head

(a) (b) Hydrophobic
tail

Source: Author, 2021.

Varying the concentration of amphiphilic molecules forms structures of varying complexity, of
which some are shown in figure 2.2.

At low concentrations, only amphiphilic molecules are dispersed in a solvent. Above the CMC,
the free amphiphilic molecules aggregate into spherical or cylindrical micelles. At yet higher
concentrations, cylindrical micelles aggregate to a hexagonal lattice, presenting long-range ori-
entational order. Cylindrical micelles can assume another spatial arrangement, where the mi-
celles are located at the intersections of a square network. Sufficiently high concentrations of
spherical micelles dispersed in a solvent packs them into a cubic structure possessing three-
dimensional positional order. At even higher concentrations, amphiphilic molecules arrange
themselves in bilayers, confining the solvent between lamellae, in what is called the lamellar
phase. Additionally, depending on the type of solvent and the proportions of cylindrical mi-
celles, inverted phases can also be observed, where the polar region of the molecule is inside
the micelle.

2From the Greek amphi - both and philic - loves.
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Figure 2.2: Phase diagram of lyotropic phases formed by amphiphilic molecules dissolved in a solvent,
as a function of temperature and amphiphilic concentration.
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Source: Author, 2021. Adapted from Neto, 2021 [31].

It must be emphasised that although concentration is the determining factor for various lyotropic
phases, each of these structures is only observed for temperatures above the Kraft line, shown
in figure 2.2.

Lyotropic liquid crystals are abundant in nature, particularly biological systems. The structural
similarity of lamellar phases to cell membranes creates a natural link to medical and biological
research. Nonetheless, these systems are usually not suited for technological applications due
to factors such as solvent evaporation and low dielectric anisotropy and birefringence.

2.1.2 Thermotropic Liquid Crystals

Thermotropic liquid crystals are the most commonly used and studied, especially for technolog-
ical applications, due to their linear and non-linear optical properties. Their formation is prin-
cipally determined by temperature variations. Therefore, within a defined temperature range,
compounds exhibit liquid crystalline phases, as seen in figure 2.3. Below this range, known as
the melting point, compounds present a solid crystalline phase. Above this range, known as the
clearing point, compounds present a liquid isotropic phase.

As discussed in the previous chapter, phase transitions are characterised by a change in molecu-
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Figure 2.3: Representative scheme of the ordering in the solid crystalline, liquid crystalline and liquid
isotropic phases.

Melting point

Liquid
Crystalline

Liquid
Isotropic

Solid
Crystalline

Clearing point

Temperature

Source: Author, 2021.

lar order. Thermotropic liquid crystals transform from more ordered (or less symmetric) phases
to relatively less ordered (or more symmetric) phases with increasing temperature, the sequence
of which can be predicted. These materials exhibit a great variety of liquid crystalline phases,
as will be discussed later. The exact number of liquid crystalline phases encountered between
the solid and liquid phases depends on the mesogenic molecule.

Unlike for lyotropic liquid crystals, no change in concentration is required to form mesophases,
and molecular aggregates do not form. Instead, as the constituent molecules are spatially
anisotropic, their shape and rigidity favour anisotropic intermolecular interactions causing align-
ment. Next, we will discuss the main molecular properties of thermotropic compounds.

2.2 Molecular Structure of Thermotropic Liquid Crystals

Thermotropic liquid crystals can be further distinguished by their constituents’ molecular shape,
distinguished as calamitic, discotic, sanidic and bent-core, shown in figure 2.4. A common char-
acteristic of these mesogenic3 molecules is that they are rigid along their length, which favours
collective alignment. Calamitic and discotic molecules are most commonly found. Calamitic

3i.e. show mesophases.
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(figure 2.4(a)) liquid crystalline molecules are usually ellipsoidal or rod-like and present ne-
matic and smectic phases. Discotic (figure 2.4(b)) liquid crystals are disk-like and present ne-
matic and columnar phases. Less commonly, sanidic (figure 2.4(c)) and bent-core (figure 2.4(d))
molecules are brick-like and banana shaped respectively and can also form liquid-crystalline
phases.

Figure 2.4: Geometric shape of different liquid crystalline molecules: (a) calamitic, (b) discotic, (c)
sanidic and (d) bent-core.

(a) (b)

(c)

(d)

Source: Author, 2021.

The basic molecular structure of a thermotropic liquid crystalline compound, shown in figure
2.5, is divided into (i) a mesogenic group - composed of rings (also called a cyclic group or
closed chain) and bridges - and (ii) side groups - composed of links and terminal groups [32].

Figure 2.5: Basic molecular structure of a mesogenic compound.

Source: Pestov, 2003 [32].

The cyclic groups, usually aromatic rings, determine the liquid crystal’s electromagnetic prop-
erties. These rings are usually saturated4 cyclohexane, unsaturated phenyl and biphenyl, or

4In organic chemistry, saturated means a compound contains only single carbon-carbon bonds, whereas un-
saturated compounds contain double or triple carbon-carbon bonds. In other words, the more hydrogen atoms a
molecule has, the more "saturated" it is.
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2.2. MOLECULAR STRUCTURE OF THERMOTROPIC LIQUID CRYSTALS 11

some combination thereof. Usually, the clearing point increases with ring number.

The bridge, beyond elongating the molecule, plays an important role in determining the tran-
sition temperatures and physical properties of liquid crystals. Its elements determine the com-
pound’s chemical stability. A widely used nematic liquid crystal from the n-CB series, 5CB
(figure 2.6(b)), is one of the most stable liquid crystals as it lacks a bridge connecting its aro-
matic rings.

Figure 2.6: Examples of compounds that present liquid crystalline phases and their respective molecular
structures: (a) HOBA, (b) 5CB, (c) DOBAMBC, (d) 2M4P8BC, (e) MDW308, (f) CB - cholesteryl
benzoate and (g) HET5.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Source: Author, 2021. Adapted from: Pestov, 2003 [32].

Side groups are polar or apolar open organic chains, whose length and flexibility determine
phase transition temperatures and the existence of a variety of mesophases, as detailed in figure
2.7 for the homologous series n-CB5. CB denotes cyanobiphenyl and n refers to the number
of methylene (−CH2−) units in the flexible chain spacer. n = 1 shows no mesogenic phase,
yet n ≥ 3 materials present at least one mesophase. Shorter side groups favour the nematic
(N) phase, while longer side groups favour the smectic (Sm) phase. Cr and Iso denote crystal
and isotropic phases, respectively. The groups most commonly used as side chains are: alkyl
(CnH2n+1), alkoxy (an alkyl group singularly bonded to oxygen, OCnH2n+1), alkenyl (CnH2n−1)
and alkenyloxy (OCnH2n−1) groups.

Finally, terminal groups contribute to the molecule’s dielectric anisotropy. Compounds with
5Some compounds - as the ones from the n-CB series, with n < 5 - can supercool before recrystallising and

then exhibit a metastable nematic phase below the melting point denominated monotropic nematic. In contrast, a
thermodynamically stable mesophase, i.e. occurring above the melting point, is denominated enantiotropic.
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Figure 2.7: Phase transition temperatures for compounds in the cyanobiphenyl homologous series.

Source: Author, 2021. Data from: Pestov, 2003 [32].

apolar or weakly polar terminal groups - such as alkyl - have a weak dielectric anisotropy
(∆ε ∼ 1), whereas highly polar groups - such as cyano (−C ≡ N) - have a strong dielectric
anisotropy (∆ε ∼ 10).

Discotic compounds consist of a flat, rigid nucleus formed by several strongly bonded aromatic
rings. Aliphatic chains that play a similar role as side chains in calamitic compounds are at-
tached to the mesogenic core. The molecular structure of the discotic compound HET5 is shown
in figure 2.6(g).

A detailed database of around 3000 mesogenic molecules can be found in reference [32]. Its
richness of molecular structure permits an enormous quantity of compounds with different
liquid-crystalline phases, of which the most important will be discussed below.

2.3 Liquid Crystalline Phases

Liquid-crystalline phases are characterised by two types of order. Orientational order, always
present, quantifies how much the molecules orient along some preferential axis. Positional
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order, sometimes present, quantifies the extent to which the molecules arrange in some kind of
network, or at random.

As previously discussed, distinct mesophases correspond to different degrees of order, and are
observed via external variables such as temperature and pressure. Compounds of anisotropic
molecules (so-called thermotropic liquid crystals) present temperature-induced phase transi-
tions. In contrast, for chemically anisotropic compounds, such as amphiphilic compounds,
lyotropic liquid crystals undergo concentration-induced phase transitions. Some mesogenic
compounds, known as amphotropic, may exhibit both lyotropic and thermotropic behaviours.

This thesis will focus on mesophases in thermotropic compounds. To this day, more than 20
thermotropic mesophases are known, and this number is growing. They can all be classified
into three groups: nematic, cholesteric, and smectic.

2.3.1 Nematic Phase

The most common liquid-crystalline phase is the nematic6 phase, observed in calamitic, discotic
or banana shaped achiral molecular compounds. The molecules’ centres of mass only display
short-range positional order, meaning that compounds in this phase flow similarly to isotropic
liquids. However, long-range orientational order is also present, i.e. on average the molecules
align in a preferred direction, which is characterised by the director vector~n, as shown in figure
2.8(a).

Figure 2.8: (a) Representative scheme of the nematic phase. (b) Nematic thread-like texture.

(a) (b)

n

Source: Author, 2021. Adapted from: Dierking, 2003 [33].

6From the Greek nematos - thread-like.

Instituto de Física - UFAL



2.3. LIQUID CRYSTALLINE PHASES 14

This simplest liquid-crystalline phase is distinguished from isotropic liquids by its average
molecular orientation. An important feature is that its directions ~n and −~n are indistinguish-
able. Even if the molecules have permanent dipoles, their total dipole moment is nonetheless
negligible [34]. For this reason, we say that the nematic phase is centrosymmetric7. Most ne-
matic liquid crystals are uniaxial, i.e. they have one preferred direction. However, when biaxial,
these molecules tend to orient themselves along some secondary axis in addition to the major
axis.

Long-range orientational order causes the nematic phase to have characteristics typically found
in crystalline solids, such as: birefringence, energy costs for deforming the optical axis and
anisotropic responses to external electromagnetic fields. The fluidity of nematic liquid crystals
is given by various coefficients of viscosity, defined by the angle between~n and the flow direc-
tion, which have been widely explored in the manufacture of various electro-optical devices,
such as digital displays [35], optical modulators [36] and optical filters [37].

The orientational order of nematic samples is defined by short range forces, such as molecular
interactions with surfaces or impurities. When confined to sample holders that do not preset the
director vector’s orientation, nematic liquid crystals exhibit domains of different orientations
which can be identified as light and dark regions on textures obtained from polarised light
microscopy, as shown in figure 2.8(b). This type of texture is unique to the nematic phase, and
is used to identify new compounds that exhibit it.

2.3.2 Cholesteric Phase

The cholesteric phase is created by adding chiral molecules to nematic liquid crystals, resulting
in a stack of nematic planes with preferred molecular orientations,~n, following a helix defined
by a pitch, P. The pitch is the distance measured along the helical axis in which the director
completes a full rotation, as illustrated in figure 2.9(a).

Two compounds known to present the cholesteric phase are: hydroxypropyl cellulose (HPC)
and 5-cholesten-3-yl benzoate, also known as cholesteryl benzoate. The latter was the first ma-
terial discovered to present liquid crystalline properties, as discussed in the previous chapter.
Unlike the light and dark textured regions of the nematic phase, cholesteric phases exhibit tex-
tures similar to fingerprints when the sample holder does not define the orientation of the helical
axis, as shown in figure 2.9(b).

7A material is centrosymmetric when its physical properties are indistinguishable upon inverting its director.
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Figure 2.9: (a) Representative scheme of the cholesteric phase, where P is the pitch. (b) Cholesteric
polygonal (fingerprint) texture of a sample with a relatively long pitch.

(a) (b)

_
2
P

Source: Author, 2021. Adapted from: Dierking, 2003 [33].

The cholesteric phase has recently interested researchers by its selective reflection of light, act-
ing as a photonic crystal for light with circular polarisation in the same direction as the direc-
tor’s helical distortion. This property has been explored in the manufacturing of low activation
threshold lasers [38] and digital monitors that dispense the use of backlight [39].

2.3.3 Smectic Phases

Molecules in the smectic8 phase tend to orient themselves along a director vector ~n, like the
nematic phase. However, an important distinguishing feature is the molecular stratification into
layers [40]. The molecules are arranged in two-dimensional liquid layers, maintaining a well-
defined spacing, yet the interactions between layers are weak when compared to the lateral
intermolecular forces. Consequently, the layers slide freely over one another, explaining the
phase’s fluidity, despite being more viscous than the nematic phase. The smectic phase is more
ordered than the nematic phase and usually occurs at lower temperatures. Different molecular
arrangements within the layers determine the types of smectic phases, the most common being
the smectic-A and smectic-C phases.

8From the Greek smegma - soap, ointment.

Instituto de Física - UFAL



2.3. LIQUID CRYSTALLINE PHASES 16

Smectic-A

The simplest of all smectic phases is the smectic-A phase. Consisting of non-chiral and non-
polar molecules, this phase is characterised by the absence of positional order within the layers,
i.e. each layer is a two-dimensional liquid. The average molecular orientation, ~n, is perpen-
dicular to the layers, as shown in figure 2.10(a). The layered stratification of the molecules
causes the smectic-A phase to present a fan-like texture when observed by polarised light mi-
croscopy, as shown in figure 2.10(b). This type of texture is seen in all smectic phases, with
slight differences in the patterns of each.

Figure 2.10: (a) Representative scheme of the smectic-A phase. (b) Typical fan-shaped texture of a
smectic-A phase.

(a) (b)

n

d

Source: Author, 2021. Adapted from: Dierking, 2003 [33].

The layers’ thickness depends on the molecular structure of the material. Due to the molecular
arrangement perpendicular to the layers’ plane, the thickness is determined by the length of the
rigid part of the molecule as well as by the flexibility of the side chain and the terminal group.

The smectic-A phase is uniaxial, with the optical axis determined by the axis normal to the plane
of the layers. Due to its layered structure, such liquid crystalline phase is centrosymmetric, i.e.
directions z and −z are equivalent. The rotational symmetry around the z axis can be seen in
the diffraction pattern shown in the figure 2.11. In this case, the incident beam is perpendicular
to the layers’ plane, making it possible to observe the plane’s translational invariance.
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Figure 2.11: Electron-diffraction pattern, a diffusive ring, of the smectic-A phase.

Source: Chao et al., 1997 [41].

Smectic-C

The smectic-C phase, as the smectic-A phase, is structured in layers, where each layer can be
defined as a two-dimensional liquid. However, the molecules in each layer are oriented at an
angle θ , known as smectic cone angle, defined relative to the normal to the plane of the layers.
In non-chiral smectic liquid crystals, and in the absence of external influences, the director~n is
uniformly aligned, as shown in figure 2.12(a).

Figure 2.12: (a) Representative scheme of the smectic-C phase. (b) Transition to the broken fan-shaped
texture of the smectic-C phase on cooling.

(a) (b)

n

ω
d

z

Source: Author, 2021. Adapted from: Dierking, 2003 [33].

The average tilt angle, ω ∈ [0◦,45◦], is usually temperature-dependent and is therefore an order
parameter for this phase. A consequence of the molecules’ inclination is that this phase exhibits
biaxial optical properties.
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McMillan proposed a mean-field theory for smectic-C liquid crystals, relating the formation of
a tilted phase to the presence of at least two outward pointing dipoles in the mesogenic molecule
[42]. Although there is no consensus on the sufficient features to guarantee tilt; permanent or
induced dipoles have been the key molecular ingredient of various theoretical investigations.

The work of van der Meer and Vertogen [43] considered the induction forces between trans-
verse dipoles and neighbouring polarisable centres, while in a recent treatment by Govind and
Madhusudana the off-axis position of a single transversal permanent dipole has been considered
the key feature for tilt [44]. The alignment of these dipoles, and therefore the resulting tilt, tend
to induce a layer contraction by a factor of cosθ .

Although it is known, since the work of Goodby et al. [45], that the presence of two or even one
dipole is not a mandatory requirement, the vast majority of C smectogens are polar. A widely
used compound presenting the smectic-C phase is p-decyloxybenzoic acid p-n-hexyphenyl ester
(DOBHOP), as shown in figure 2.13, with a small transverse dipole moment. It is important to
stress that phase transitions involving the smectic-C phase can be second or first-order, concepts
we will discuss later on. However, dipole-dipole interactions are important in compounds that
present a first-order transition.

Figure 2.13: Molecular structure of compound DOBHOP, presenting a small transverse dipole moment.

Source: Author, 2021.

2.4 Liquid Crystalline Order

As discussed in the previous sections, a fundamental feature of liquid crystals is the presence
of a long-range orientational order combined with either no positional order, as in the nematic
phase, or some degree of positional order, as in the smectic phases. Liquid crystalline phases are
then distinguished by their symmetries and phase transitions correspond to symmetry breaking.
These can be described with an order parameter, which represents how much the molecules’
configuration differ from the less to more symmetrical phases.

Instituto de Física - UFAL



2.4. LIQUID CRYSTALLINE ORDER 19

2.4.1 Order Parameters

In general, the order parameter is a thermodynamic variable that can be measured experimen-
tally, assuming non-zero values for temperatures below the transition temperature, TC, (T < TC)
and zero for temperatures above transition temperature (T > TC), i.e. some order parameter Q

describing a phase transition satisfies the following requirements:

• Q = 0 in the most symmetrical, or least ordered, phase;

• Q 6= 0 in the less symmetrical, or more ordered, phase.

Order parameters can be microscopic or macroscopic. An order parameter built from a specific
molecular model and giving a microscopic description of the system is therefore microscopic
and represented by a scalar. In other situations, a microscopic description is not adequate and
it is necessary to describe the system by a tensor order parameter representing macroscopic
properties such as magnetic susceptibility. In this work, we will use a microscopic approach to
phase transitions in liquid crystals.

Microscopic Order Parameters

The choice of order parameter can be made in several ways depending on the system studied.
In some physical systems, the choice is quite intuitive, as for liquid-gas transitions, where the
order parameter is the density difference between phases. For liquid crystals, the choice of order
parameters is less trivial. For instance, the nematic phase is less symmetric, i.e. more ordered,
than the isotropic phase. Thus, it is necessary to define an order parameter that is not null in the
nematic phase, but that goes to zero with increasing symmetry at the nematic-isotropic phase
transition.

In the nematic phase, the molecules are, on average, aligned along a preferential direction, de-
fined by the previously introduced director vector~n. However, the average number of molecules
aligned along~n can vary with temperature, leading to a non-constant degree of order. This de-
gree of order is described by a distribution function f (θ ,φ)dΩ [46], giving the probability of
encountering a molecule within a small solid angle dΩ= sinθdθdφ around the direction (θ ,φ).

Since the nematic phase is centrosymmetric, the distribution function f (θ ,φ) must be inde-
pendent of φ , i.e., the nematic phase possesses cylindrical symmetry around ~n. Furthermore,
f (θ) = f (θ − π) accounts for the equivalence between ~n and −~n. In the nematic phase, the
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distribution function must therefore be maximum at θ = 0 and π and minimum at θ = π/2
(figure 2.14). Moreover, it must be constant in the isotropic phase, to reflect the absence of
orientational order.

Figure 2.14: Distribution function f(θ ) for a system of rod-like molecules in the nematic phase.

Source: Author, 2021. Adapted from de Gennes, 1993 [46].

Given a calamitic molecule, we consider a quantity measuring the dispersion of the major axis
of the molecule, represented by the vector~a, around the director~n (figure 2.15). At first sight, a
possible candidate for the nematic order parameter would be a statistical average of the dipole
moment expressed as:

〈cosθ〉= 〈~n ·~a〉=
∫

cosθ f (θ)dΩ. (2.1)

Figure 2.15: Coordinate system representing a calamitic molecule in relation to the director vector~n of
the nematic phase.
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Source: Author, 2021.
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Although this may appear a natural choice, it does not give a suitable description of the nematic
phase because the molecules do not possess a net dipole moment in the preferred direction,
i.e. 〈cosθ〉 = 0. Furthermore, the function 〈~n ·~a〉 changes sign with ~n→−~n, which violates
the centrosymmetric condition. As such, we must resort instead to the quadrupole term of the
molecular interaction energy’s multipole expansion, so that the order parameter is defined as:

s =
〈

3
2

cos2
θ − 1

2

〉
=
∫ (3

2
cos2

θ − 1
2

)
f (θ)dΩ. (2.2)

At low temperatures, f (θ) peaks around θ = 0 and θ = π , corresponding to a parallel molecular
alignment, so that cos2θ = 1 and s = 1. At high temperatures (isotropic phase) the molecules
are randomly oriented, i.e., f (θ) is independent of θ , so that 〈cos2θ〉= 1

3 and s = 0.

The microscopic order parameter s is therefore a measure of average molecular alignment, with
two different regimes:

• s = 0 in the isotropic phase;

• s 6= 0 in the liquid crystalline phase.

In addition to the orientational order of the smectic-A phase being similar to the nematic phase,
there is also a one-dimensional order of almost long-range that originates from the formation
of liquid layers that tend to maintain a well-defined spacing. Thus, another order parameter is
required to measure the variation in layer density. Finally, for the smectic-C phase, we must
introduce a third order parameter representing the molecules’ average tilt angle inside the layers.
The next chapter will detail how the order parameters for each of these liquid-crystalline phases
are calculated.

2.5 Phase Transitions in Liquid Crystals

Since their discovery, transitions between various liquid crystalline phases have been exten-
sively studied experimentally and theoretically. At equilibrium, these are identified by discon-
tinuities or singularities of some thermodynamic function (e.g., volume, specific heat, suscep-
tibility, etc) at the transition temperature [47, 48]. This behaviour is due to the microscopic
interactions between their constituents. In compounds presenting liquid crystalline phases, the
transitions are characterised by distinct changes in the structure’s symmetry corresponding to
intermediate transitions between the solid crystalline and liquid isotropic phases. In general,
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a phase transition involves the transformation from an ordered phase to a relatively disordered
phase as a function of temperature. Hence, it is possible to predict a sequence of transitions in
which increasing temperature leads to the gradual destruction of molecular order, as shown in
figure 2.16.

Figure 2.16: Possible progression of liquid crystalline phases with increasing temperature.

Temperature

Cr – H – K – E – G – J – B – Sm-F – Sm-I – Sm-M – Sm-B – Sm-C – Sm-A – N – Iso

Source: Author, 2021.

No known compound presents every phase, and many materials only exhibit a small proportion
of them. Some of these transitions will now be detailed.

2.5.1 Types of Phase Transitions

The types of thermodynamic phase transitions can be classified using the Helmholtz free energy,
defined as F =U −T S, where U is the system’s internal energy, T is the temperature and S is
the entropy. The behaviour of the order parameter Q depends the type of phase transition.

Zero-order Phase Transition

At a zeroth order phase transition, F is discontinuous at the transition temperature. This type of
transition has been theoretically predicted for superfluidity and superconductivity.

First-order Phase Transition

In a first-order transition, F is continuous, while
(

∂F
∂T

)
V
=−S is discontinuous at the transition

temperature. In this type of transition, the order parameter is discontinuous at the transition
temperature TC, as shown in figure 2.17(a).
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Figure 2.17: Representation of the dependence of the order parameter, Q, with temperature (a) first-order
and (b) second-order phase transitions.

Source: Author, 2021.

Second-order Phase Transition

In a second-order phase transition, both F and
(

∂F
∂T

)
V

are continuous, while
(

∂ 2F
∂T 2

)
V
=−CV

T is
discontinuous at the transition temperature. In this transition, the order parameter is continuous
and equals zero at the transition temperature TC, as shown in figure 2.17(b).

2.5.2 Nematic–Isotropic Phase Transition

The isotropic–nematic transition involves spatial molecular reorientation. Although the molecules
are initially distributed with the major axis at random, they orient themselves along a preferred
direction, defined by the director vector ~n. Experimental observations show that the order pa-
rameter abruptly drops to zero at the nematic–isotropic transition, i.e., it is a first-order transi-
tion. However, it is characterised by a loss of orientational order at a small latent heat of order
of 1kJmol−1. Thus, some authors classify this transition as being weakly first-order. However,
even though the transition heat is small, the order parameter’s discontinuity is always substan-
tial.

Several theoretical approaches have described the nematic phase in the vicinity of its phase
transitions. One of the best known approaches uses the phenomenological theory of Landau
and de Gennes [49, 50], in which Helmholtz’s free energy is expressed in terms of powers of the
order parameter. The first version of a mean-field theory was proposed by Onsager [51], which
attributed the origin of nematic ordering to the constituent molecule’s anisotropic form, i.e., to
repulsive interactions. In contrast, the well-known Maier-Saupe theory [14–16], attributed the
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ordered phase formation to attractive anisotropic interactions, which will be covered in more
detail in the next chapter.

2.5.3 Smectic-A–Nematic Phase Transition

The nematic–smectic-A transition involves the reorganisation of the molecules’ centres of mass
in equidistant planes, while maintaining the characteristic orientational order of the nematic
phase. Molecules can move randomly within the layers as long as their director vector remains
perpendicular to the plane. Consequently, the density shifts from periodic to homogeneous at
the smectic-A–nematic transition. Just above the transition, one can expect small domains with
a local smectic organisation [46].

Theoretical studies have shown that the order of the transition depends on the ratio TAN/TNI ,
where TAN is the smectic-A–nematic transition temperature and TNI is the nematic–isotropic
transition temperature, and may be either first- or second-order. In some compounds, exper-
imental results show a first-order transition at a latent heat of order 1kJmol−1. Conversely,
measurements using differential calorimetry have demonstrated the absence of latent heat in the
transition for several compounds, which characterises second-order transitions.

One of the most studied microscopic theoretical models for this transition was proposed by
McMillan. His model is based on the molecular structure of compounds exhibiting the smectic-
A phase. The nature of the phase transition is determined by the model parameter, which
measures the strength of layering interactions. Two order parameters must be considered to
represent both the long-range orientational order and the one-dimensional quasi-long-range
translational order describing the phase transition. This model will also be further detailed
in the next chapter.

2.5.4 Smectic-A–Isotropic Phase Transition

Theoretical studies and experimental measurements of optical reflectivity and calorimetry have
shown that the smectic–isotropic transition is first-order, with a latent heat of the order of
6kJmol−1. This transition is determined by the side-chain length of the compounds. A typ-
ical example occurs with the nCB and nOCB homologous series. For short alkyl chains, these
compounds exhibit nematic–isotropic transitions, while for long alkyl chains, these compounds
exhibit smectic–isotropic transitions.
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The smectic-A–isotropic transition allows the investigation of order induced by solid substrates
and other surface effects. Various experiments studied the smectic-A order at the liquid-liquid
and liquid-solid interfaces near the smectic-A–isotropic transition temperature revealing the
presence of smectic layers for T > TAI . This phenomenon is known as wetting, and is complete
when the smectic layer’s thickness diverges at the transition, or incomplete when it remains
finite.

Furthermore, some materials exhibit a very peculiar phenomenon during this transition. By
heating freely suspended films in the smectic phase, it is possible to observe a gradual reduction
in film thickness, due to the melting of their central layers [52]. This phenomenon is known
as the layer thinning transition. Several experiments have confirmed this unusual transition and
many theoretical studies have been proposed in order to explain it [53–57].

2.5.5 Smectic-C–Smectic-A Phase Transition

The smectic-A–smectic-C transition is characterised by the one-dimensional tilting of the smec-
tic layers. Reducing the temperature of a sample material in the smectic-A phase to TAC, the
smectic-A–smectic-C transition temperature, leads to strong light scattering due to fluctuations
in the inclination angle of the smectic layer [46].

Experiments using different techniques such as calorimetric measurements and X-ray scattering
have shown that the smectic-A–smectic-C transition is continuous, i.e., second-order. This
transition is typically difficult to detect via latent heat, usually less than 300Jmol−1, however
it can be detected by a singularity in specific heat. Other experiments, however, suggest that
a change in the nature of the phase transition, from second- to first-order, is possible in the
vicinity of the N–Sm-A–Sm-C and Iso–Sm-A–Sm-C triple points.

Several models have been proposed to describe the smectic-C phase. In the next chapter, we
will review the model proposed by Govind and Madhusudana, which considers the molecular
origin of the tilt and describe first- and second-order Sm-C–Sm-A phase transitions.

2.5.6 The Nematic–Smectic-A–Smectic-C Multicritical Point

In liquid-crystalline phase transitions, we observe the existence of multicritical points. The
nematic–smectic-A–smectic-C (NAC) multicritical point represents the intersection of bound-
aries between NA, AC, and NC phase transitions in the thermodynamic plane. Phases are
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indistinguishable at the multicritical point, and all nearby phase transitions are continuous.

The NAC multicritical point has been observed in the temperature versus concentration diagram
of binary liquid crystal mixtures [58], and also in the pressure versus temperature diagram for
single component systems [59], as illustrated in figure 2.18.

Figure 2.18: Phase diagrams in the vicinity of the NAC multicritical point. (a) Temperature versus con-
centration for a binary liquid crystal mixture and (b) pressure versus temperature for a single component
system.
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As already discussed, liquid crystals exhibit a rich variety of phase transitions and are the sub-
ject of many theoretical and experimental studies. The study of phase transitions and critical
phenomena in liquid crystals is directly related to surface and external field effects. The next
section will discuss surface effects in liquid-crystalline ordering.

2.6 Surface Effects on Liquid Crystalline Order

Due to their structure, liquid-crystalline compounds are very sensitive to surface effects, leading
to interesting and varied interfacial phenomena [23]. Surface effects depend on the mesophase
in question. In this work, we will turn our attention to effects present in the nematic and smectic
phases.
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2.6.1 Surface Effects in the Nematic Phase

Surface effects are most studied in the nematic phase due to its structural simplicity and techno-
logical potential. Contact of the material with a surface or interface in a different phase (solid,
liquid or gas) causes a disturbance in the nematic order, so that the orientation of the vector
director is influenced by the presence of the surface. A transition region of length ξ , called the
penetration length, is observed, with the nematic order being recovered for distances greater
than ξ from the surface.

Thus, near the interface, the molecules have a fixed mean orientation. In the absence of external
fields, this orientation is imposed by elastic forces that tend to orient the molecules near the
interface, parallel to each other. This phenomenon of surface induced liquid crystal orientation
is called surface anchoring.

The phenomenon of anchoring was discovered by Mauguin [61], when studying a nematic
liquid crystal system deposited on a mica surface. Mauguin observed that the liquid crystal was
oriented with its axis parallel to the substrate and made an angle of 60 degrees with the optical
axis of the mica.

The equilibrium configuration of the director depends on the balance of forces involving the
three basic deformations, namely splay, twist and bend (see figure 2.19). However, it is possible
to artificially obtain a nematic monodomain using boundary conditions that previously defined
the preferred direction, called the easy axis.

Figure 2.19: Types of liquid crystalline director deformations of samples between two flat surfaces: (a)
splay, (b) twist and (c) bend.

(a) (b) (c)

Source: Author, 2021.

The interfaces at which anchoring has been most extensively studied are those with solid sub-
strates and treated glass surfaces. Treated surfaces allow for a better control of the induced
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anchoring direction. The treatment of these surfaces can be mechanical (through rubbing mech-
anisms), chemical (by depositing a layer of surfactant, polymers, or inorganic substances), or a
combination of both.

Surface anchoring can be planar, inclined or homeotropic (figure 2.20), depending on whether
the anchoring direction is respectively parallel, inclined or perpendicular to the interface plane.
Each of these anchoring types is obtained by chemically and/or mechanically treating the sam-
ple holder surface where the nematic liquid crystal is confined [62]. In planar anchoring, a
thin polymer layer is deposited on the surfaces of the sample carrier, which is subsequently
rubbed, which defines the easy axis direction. The homeotropic anchoring is obtained from the
deposition of surfactants on the sample holder surfaces, so that their surface concentration is
sufficient to prevent the deposited calamitic molecules of the liquid crystal from being parallel
to the sample holder walls. In this way, the easy axis is normal to the surface of the sample
holder.

Figure 2.20: Types of surface anchoring on a nematic sample between two flat surfaces. (a) Planar, (b)
inclined and (c) homeotropic.

(a) (b) (c)

Source: Author, 2021.

Molecules close to the surface affect the orientation of molecules inside a liquid crystal cell,
due to molecular interactions. These interactions can be strong or weak, giving rise to two
anchoring regimes.

In many cases, the substrate surface’s interaction with the liquid-crystalline molecules near the
surface is very strong. As a result, external fields do not affect the orientational order in the
vicinity of the boundary surface, and surface anchoring becomes the dominant factor. External
field may be the dominant factor in bulk region, at a position far from the surface. Furthermore,
when the field is removed, the liquid crystal returns to its initial condition. This is the strong
anchoring regime. On the other hand, when the orientation of the liquid crystal after the removal
of the field is different from its initial orientation, we have a weak anchoring regime.
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The surface energy density describing the surface anchoring is given by [63]:

W =−W0

[
3
2
(~n ·~n0)

2− 1
2

]
, (2.3)

where W0 is the anchoring amplitude and its sign determines the type of anchoring; ~n is the
director vector and ~n0 is the vector perpendicular to the surface. When W0 > 0, the minimum
surface energy occurs when~n and ~n0 are parallel, so that the anchoring is homeotropic. If W0 <

0, the surface energy minimum occurs when ~n and ~n0 are perpendicular, so that the anchoring
is planar degenerate. The degenerate term reflects that the equation 2.3 does not specify the
direction of the easy axis, but only that the director must be perpendicular to ~n0.

2.6.2 Surface Effects in the Smectic Phase

Usually, smectic layers lie parallel to the substrate, with the molecules arranged homeotropi-
cally (figure 2.21(a)). However, it is possible that an oblique structure is formed in a planar cell
with an antiparallel alignment treatment [64] (figure 2.21(b)). Additionally, X-ray measure-
ments showed that a smectic-C sample under parallel alignment conditions displays a structure
of layers inclined in a chevron shape [65] (figure 2.21(c)).

Figure 2.21: Smectic layer structures in different alignments: (a) homeotropic, (b) oblique and (c)
chevron.

Smectic
layers
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Layer
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(b) (c)

Layer
normal
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Source: Author, 2021.
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2.6.3 Surface Effects and Phase Transitions

Several investigations were performed to determine how surface effects influence phase transi-
tions in liquid-crystalline systems. This explains different phenomena, such as layer thinning
transitions in thin smectic films [52] and the emergence of ordered surface phases above the
sample’s transition temperature (wetting phenomenon) [66–68].

Phase transition investigation in a nematic sample anchored under a substrate showed that the
nematic order parameter is greater at the surface than at the centre of the sample with the
anchored layer presenting a higher nematic-isotropic transition temperature [19]. The existence
of a local order parameter for the nematic phase was predicted via different means [69, 70]. The
existence of a profile in the smectic order parameter was proposed in order to explain the smectic
wetting phenomenon on the free surface of samples in nematic and isotropic phases [71]. It was
shown that the nematic and smectic order parameters are not uniform, but vary continuously
across the sample [72]. Near the surface, for a distance up to the surface penetration length,
nematic and/or smectic order remains stable even for T > TNI/SI , i.e., in the isotropic phase.

Surface effects on liquid-crystalline phase transitions are quite complex. More detailed studies
of these effects can be found in references [23, 73]. In Chapter 4, we will turn our attention to
surface and finite size effects in freely suspended films in the smectic-C phase.

2.7 External Field Effects on Liquid Crystalline Order

Liquid crystals exhibit anisotropic responses to applied external fields. As a result, the director
vector can reorient depending on its relative orientation to the applied field. Such orientations
occur when the electric field’s energy contribution overcomes the elastic deformation of the
director vector.

The external field can increase or decrease the system’s energy density depending on its dielec-
tric anisotropy, as well as its relative orientation with the director vector. The energy density
with respect to an external electric field is given by:

Fe =−
εa

2
(~E ·~n)2. (2.4)

εa = ε‖− ε⊥ is the material’s dielectric anisotropy, where ε‖ is the electric susceptibility in the
direction of ~n and ε⊥ to its perpendicular. If εa > 0, the external field tends to reorient the
director vector along its direction, with ~n parallel to ~E. When εa < 0, the energy is minimised
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when ~n is perpendicular to ~E. The dielectric anisotropy can be positive (ε‖ > ε⊥), or negative
(ε‖ < ε⊥), usually with εa ∈ [−5,+30] for nematic liquid crystals.

Figure 2.22: Nematic liquid crystal with strong homeotropic alignment in (a) absence of external field
and (b) presence of external field.

(a) (b)

E

E = 0 E > 0

Source: Author, 2021. Adapted from: Khoo, 2007 [34]).

In a strong anchoring regime as shown in figure 2.22, the applied field does not change align-
ment near the surface. This type of situation is useful in most applications involving liquid
crystals. However, a weak anchoring regime is also observed experimentally, where the pres-
ence of external field alters the alignment near the surfaces, as shown in figure 2.23.

Figure 2.23: Nematic liquid crystal with weak homeotropic alignment in the presence of external field.

E

Source: Author, 2021. Adapted from: Khoo, 2007 [34]).

Chapter 5 will focus on electric field effects in the smectic-C phase.
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III

MICROSCOPIC THEORIES FOR BULK
TRANSITIONS IN LIQUID
CRYSTALLINE SYSTEMS

In recent decades, remarkable interest has developed towards understanding phase transitions
involving smectic liquid crystals with a tilted molecular alignment [59, 74–82]. Different ex-
perimental techniques helped determine the nature of smectic-C–smectic-A (Sm-C–Sm-A) and
smectic-C–nematic (Sm-C–N) phase transitions [59, 74, 76, 77, 79, 83–86]. In rod-like com-
pounds with a small or moderate transverse dipole moment (P≤ 20 nC/cm2), it has been verified
that the Sm-C–Sm-A phase transition is a second order transition [74, 77], while the Sm-C–N
phase transition exhibits first order behaviour with low latent heat [74]. Moreover, the analysis
of heat-capacity measurements in several compounds revealed that the temperature range of the
Sm-A phase plays an important role to the behaviour of continuous Sm-C–Sm-A phase transi-
tion [83], delimiting the crossover between the mean-field tricritical and the ordinary mean-field
character of this transition [79]. However, a first order Sm-C–Sm-A phase transition has been
reported in smectogenic compounds with a large transverse dipole moment (P > 50 nC/cm2)
[84], over a large smectic-A temperature range [79]. nematic–smectic-A–smectic-C (NAC)
multicritical points have been reported in both binary liquid crystal mixtures [58] and single
component systems under high pressures [59].

Motivated by the rich phenomenology of experimental results, several theoretical studies bet-
ter described smectic-C liquid crystal phase transitions [44, 87–93]. In fact, a large vari-
ety of microscopic models have been introduced to characterise intermolecular interactions
in smectogenic systems. Assuming a bilinear mean-field potential for the tilt angle distribu-
tion, Gieβelman and Zugenmeier provided an equation of state for the smectic-C phase [88],
consisting of a Langevin function of the reduced tilt angle and reduced temperature. Despite
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well describing the tilt angle’s dependence on temperature, such oversimplified models can-
not reproduce the full variety of experimental phase diagrams. Considering a system of rod-
like molecules with a perfect orientational order, van deer Meer and Vertogen analysed how a
dipole-induced interaction leads to the emergence of a tilted smectic phase [43], in which the
Sm-C–Sm-A transition is not the usual order-disorder type. Based on molecular interactions
between rod-like molecules with off-axis dipoles, Govind and Madhusudana developed a modi-
fied version of McMillan’s model for Sm-A–N–Iso systems, being successful in the description
of experimental phase diagrams presenting the smectic-C phase [44, 89]. However, such a
model requires the introduction of an excluded-volume contribution which stabilises the Sm-A
phase, thus leading to a large number of free parameters. Using a complete set of orientational
and translational order parameters, recent studies introduced different pair-interaction potentials
for polar and nonpolar molecules, reproducing phase diagrams containing conventional or “de
Vries-type” smectic-C phases [91, 92, 94–96]. Nevertheless, the use of a complete set of order
parameters implies a large number of free parameters in the molecular models, which makes
their comparison with typical characteristics of liquid-crystalline compounds difficult.

3.1 Microscopic Theories of Liquid Crystalline Phase Tran-
sitions: A Review

As already discussed, liquid crystals are characterised by long-range orientational order that
can coexist with some degree of positional order. Ever since the discovery of liquid-crystalline
phases, several theoretical approaches have sought to understand the long-range orientational
order and properties of the nematic phase, as well as other types of order in more complex
phases. As we will see, molecular theories can successfully address the physical behaviour of
these materials during phase transitions and, consequently, in the vicinity of transition temper-
atures.

3.1.1 Maier-Saupe Theory

The molecular theory of liquid crystals aims to understand the physical behaviour of these
materials during phase changes and in the vicinity of the transition temperature. Theories of
the nematic phase’s behaviour in the vicinity of its phase transitions have followed several
directions. One of the most applied approaches uses the phenomenological theory of Landau-
de Gennes, in which the Helmholtz free energy is expressed in terms of powers and gradients
of the order parameters. In this model, five or more adjustable parameters, associated with the
symmetry of the system and physical processes, are determined experimentally.
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One useful approach in developing a long-range orientational order theory related to nematic
phase properties is molecular field theory, the first for the nematic phase was proposed by Born
in 1916. In this theory, Born treated the medium as a set of permanent electric dipoles and
demonstrated the possibility of transition from an isotropic phase to an anisotropic phase with
decreasing temperature.

The best known theory based on the molecular field approximation was devised by Maier and
Saupe in the late 1960s. In the Maier-Saupe formalism, each molecule is subject to an internal
mean field that is independent of any local variation or short-range ordering. The individual
intermolecular forces need not be specified for the development of the theory. However, in the
original work, Maier and Saupe assume that the stability of the nematic phase arises from the
anisotropic part of dispersion forces.

In the Maier-Saupe theory, the anisotropic shape of molecules is ignored and Coulombian
dipole-dipole interactions are considered. Thus, if we consider a pair of molecules, the in-
teraction between them is

V12(θ12) =−
V0

N

(
3
2

cos2
θ12−

1
2

)
=−V0

N
P2(cosθ12), (3.1)

where V0 is a constant or characteristic potential, N represents the number of molecules, P2 is
the second Legendre polynomial and θ12 is the angle between the major axes, ~a1 and ~a2, of the
molecules 1 and 2 (see figure 3.1).

Figure 3.1: Representative scheme of the angle between two rod-like molecules interacting according
to the Maier-Saupe potential.

x

z

y

a1

θ2
θ1

a2θ12

Source: Author, 2021.
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The addition theorem for spherical harmonics states that

P2 (cosθ12) = P2 (cosθ1)P2 (cosθ2)+2
2

∑
m=−2

Pm
2 (cosθ1)Pm

2 (cosθ2)cos [m(φ1−φ2)] , (3.2)

where θ1 and θ2 are the angles between the major axis of each molecule and the preferred axis,
and θ12 is therefore their difference. In the nematic phase, the system has azimuthal symmetry,
so that m = 0, leaving only one term in the addition theorem. Thus, the interaction potential
between the molecules is

V12(θ1,θ2) =−
V0

N
P2(cosθ1)P2(cosθ2). (3.3)

In a mean-field approximation, each molecule is subject to a field due to its interaction with all
other molecules in the medium. Thus the following integral determine the interaction potential
between two molecules:

V1(θ1) =
N
∫

d3~r2V12(θ1,θ2)e
− V12

kBT dΩ2
∫

d3~r2e−
V12
kBT dΩ2

, (3.4)

where the integral in r2 refers to the position, while the integral in the solid angle Ω2 refers to
the possible orientations of molecule 2.

After some algebra, it is possible to show that the potential of a single molecule is

Vi =−V0

(
3
2

cos2
θi−

1
2

)
s, (3.5)

where s =
〈3

2 cos2 θ − 1
2

〉
is the order parameter that describes average molecular alignment.

Considering a system of N particles in the Maier-Saupe approximation, the internal energy per
molecule is defined as

U =
N
2

V̄i, (3.6)

where V̄i is the average value of the interaction potential of one particle. Thus, the internal
energy of the nematic phase is:

U =−NV0s2

2
. (3.7)

Entropy is defined as S = N
(

kB lnZ + V̄i
T

)
, where Z is the one-particle partition function, given

by

Z =
∫

e−
Vi

kBT d(cosθi). (3.8)
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Thus, the entropy reads

S = NkB

[
ln
∫ 1

0
e
−Vi
kBT d(cosθi)−

V0s2

kBT

]
. (3.9)

The Helmholtz free energy, defined as F =U−T S, is given by:

F =
NV0s2

2
−NkBT ln

∫ 1

0
e
−Vi
kBT d(cosθi). (3.10)

The condition for equilibrium is: (
∂F
∂ s

)

V,T
= 0. (3.11)

This condition is satisfied when all molecules are aligned on average in the same preferential
direction, with the nematic order parameter given by:

s =
∫ 1

0 P2(cosθ)e
−V
kBT d(cosθ)

∫ 1
0 e

−V
kBT d(cosθ)

. (3.12)

Note that this is a self-consistent equation, given that the interaction potential depends on the
value of the order parameter s that minimises the Helmholtz free energy.

Figure 3.2: Variation of free energy with the order parameter as calculated by Maier-Saupe theory, for
different temperatures.
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Figure 3.2 shows the temperature dependence of the Helmholtz free energy on the order pa-
rameter s. The free energy minimum, therefore, occurs at the value of s that satisfies the self-
consistent equation. Let TNI be the nematic-isotropic transition temperature. For T < TNI , there
is only one minimum with s> 0 corresponding to the ordered phase, that is, the nematic phase.
For T = TNI , there are two minima: one at s = 0 and the other at s = sc. However, these two
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states have the same energy. At this temperature, therefore, a discontinuous transition occurs
without change in volume, but with an abrupt change in the order parameter, with the coexis-
tence of nematic and isotropic phases. For T > TNI , there is only one minimum that corresponds
to the disordered phase, that is, the isotropic phase with s = 0.

By setting F = 0, we obtain the order parameter at the transition, sc = 0.4292. This value is very
close to the experimental value observed in N–Iso transitions, which demonstrates the success
of the Maier-Saupe theory in this context.

Figure 3.3 shows the dependence of the nematic order parameter s with the reduced temperature,
where the order parameter, and entropy are discontinuous, and specific heat diverges at the
transition temperature.

Figure 3.3: Order parameter, entropy, and specific heat as a function of the reduced temperature for
Maier-Saupe theory, showing the first-order nematic-isotropic phase transition.
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Despite describing the nematic phase, this theory is unable to predict phase transitions including
other liquid-crystalline phases, such as the smectic phases. In the following section, we will
present a model that extends the Maier-Saupe theory to liquid-crystalline systems presenting
the smectic-A phase.
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3.1.2 McMillan Model

Different models have proposed how interactions between calamitic molecules induce the for-
mation of smectic layers. These models show that short-range interactions between the molecules
can favour the modulation in the density of the sample, characteristic of the smectic phase.

Within this context, McMillan [42] proposed a simple but elegant description of the smectic
phase A. This model, which is an extension of the Maier-Saupe theory for the nematic-isotropic
transition, includes an additional order parameter that characterises the one-dimensional trans-
lational periodicity of a layered structure.

We must remember that calamitic molecules are formed by a rigid structure, consisting of aro-
matic rings joined or not by a linking chain. Flexible alkyl chains are attached to this rigid
structure. The central aromatic region of the molecule has a high polarizability, causing such
regions of neighbouring molecules to interact strongly. Thus, the formation of the smectic lay-
ers depends on the size of the alkyl chain, which must be large enough to separate the central
aromatic regions, allowing the layers to form.

In McMillan’s model, molecules interact according to a short-range potential that depends on
the position and relative orientation of the molecules (figure 3.4).

Figure 3.4: Representative scheme of the relative position of two rod-like molecules.
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The anisotropic part of this potential is given as:

V12(r12,θ12) =−
(

V0

Nr3
0π

3
2

)
e−
(

r12
r0

)2

P2(cosθ12), (3.13)
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where r0 is on the order of the length of the rigid part of the molecule, r12 is the distance
between the molecules’ centres, θ12 is the angle between the principal molecular axes and N is
the number of molecules per unit volume. P2 is the Legendre polynomial of second order, V0 is
the amplitude of interaction. The Gaussian term characterises the interaction as short-range.

The smectic phase is characterised by the existence of a well-defined distance, d, separating the
layers. Considering that the molecular alignment is in the z direction, normal to the plane of the
layers, the Gaussian term can be expanded in Fourier series. If keeping only the first term of the
series and considering that, by the addition theorem, P2 (cosθ12) = P2 (cosθ1)P2 (cosθ2), it is
possible to show that the effective potential for a particle inside a mean field approximation is;

V (z,θ) =−V0

[
s+ασ cos

(
2πz
d

)]
P2 (cosθ) , α = 2e−(

πr0
d )

2

. (3.14)

Here s and σ are the nematic and smectic order parameters respectively. The potential min-
imises the free energy when its molecule lies in the plane of the smectic layer along the z axis.

The distribution function for a single particle is;

f (z,θ) = exp[−V (z,θ)/kBT ], (3.15)

where kB is the Boltzmann constant and T is the temperature. The order parameters are defined
as:

s =
〈

3cos2 θ −1
2

〉
, (3.16)

and

σ =

〈(
3cos2 θ −1

2

)
cos
(

2πz
d

)〉
. (3.17)

Here, 〈A〉 denotes the statistical mean over the distribution function. s defines the orientational
order, as in the Maier-Saupe model. σ is a new parameter that represents the measure of the
amplitude of the density wave describing the layered structure. The order parameters are defined
by the self-consistency relations, since the effective potential depends on s and σ . The equations
for the order parameters can be solved numerically to give three possible solutions:

• if s = σ = 0→ isotropic phase;

• if s 6= σ and σ = 0→ nematic phase;

• if s 6= σ and σ 6= 0→ smectic-A phase.

These solutions are obtained by adjusting the two free parameters of the model: V0 and α . For
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this model, the Helmholtz free energy can be written as

F =
NV0

2
(
s2 +ασ

2)−NkBT ln
[

1
d

∫ 1

0
dz
∫ 1

0
d(cosθ) f (z,θ)

]
. (3.18)

The material is characterised by two parameters: V0 determines the nematic-isotropic transition
temperature and α ∈ [0,2) establishes the intensity of the interaction that induces the formation
of the smectic layers. α also depends on the ratio between the length of the rigid part of the
molecule and the layer thickness. Experimentally, d is of the order of the molecular length. In
general, the energy associated with smectic ordering tends to increase with α . Therefore, α

increases with the length of the alkyl chain.

Figure 3.5: (a) Nematic and smectic order parameters, (b) entropy and specific heat versus reduced
temperature for α = 0.60.
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We show the temperature dependence of the order parameters, entropy and specific heat for
increasing values of α , the model parameter. For α = 0.60 (figure 3.5), the behaviour of the
order parameters, entropy change and specific heat shows that the Sm-A–N transition is second-
order, and the N–Iso transition is first-order. For α = 0.85 (figure 3.6), we have first-order Sm-
A–N and N–Iso transitions. Finally, for α = 1.10 (figure 3.7), we can note that there is only the
first-order Sm-A–Iso transition, with the nematic phase totally suppressed.

From the T −α phase diagram obtained by McMillan (figure 3.8), we note that, for α > 0.98,
the smectic phase can transform directly into the isotropic phase, while for α < 0.98 there is
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Figure 3.6: (a) Nematic and smectic order parameters, (b) entropy and specific heat versus reduced
temperature for α = 0.85.
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Figure 3.7: (a) Nematic and smectic order parameters, (b) entropy and specific heat versus reduced
temperature for α = 1.10.
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a Sm-A–N transition followed by a N–Iso transition at higher temperatures. Furthermore, for
α < 0.70, the model predicts a second-order Sm-A–N transition, whereas for α > 0.70 it is
predicted to be first-order. Thus, α = 0.70 corresponds to a tricritical point, in which a first-
order transition line meets a second-order transition line.

Figure 3.8: Phase diagram for McMillan’s theoretical model, transition temperature versus the model
parameter α . The dashed (solid) line indicates a second-order (first-order) transition.
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Thus, McMillan’s model satisfactorily describes some aspects of experimentally observed phase
transitions in liquid crystals, such as the dependence of different transitions on homologous
series. However, McMillan’s model neglects surfaces, so it cannot describe freely suspended
thin films. These systems will be discussed in chapter 4. Another limitation is that the model
does not allow us to distinguish different smectic phases. This originates from the spatial part
of the potential being spherically symmetrical, thus preventing the preferential direction of the
molecules to emerge naturally from the model. Next, we will revise a model proposed to address
this limitation.

3.1.3 Govind-Madhusudana Model

Organic compounds that exhibit the smectic-C phase are made of rod-shaped molecules with
a lateral dipole moment. Govind and Madhusudana proposed descriptions of smectic-C phase
transitions by arguing that a proper molecular theory for the smectic-C phase must include
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the phase’s intrinsic biaxiality. Furthermore, it is assumed that its molecular tilt is due to the
compounds’ lateral dipolar components, and that the molecular potential used should be derived
from their proposed tilt mechanism.

Figure 3.9: Proposed off-axis dipolar mechanism tilt in smectic-C layers. The repulsive interactions
from the antiparallel configuration of dipoles as in (a) is much larger than the attractive interaction of the
parallel configuration (b), or the repulsive interaction shown in configuration (c) resulting in a relative
shift of the molecules (d).

Source: Govind and Madhusudana, 2002 [89].

While neighbouring molecules in a smectic layer rotate freely about their major axes in a pre-
ferred average direction, the lateral dipoles face each other in close spatial proximity. This
contributes to a large repulsive interaction, especially when the molecular centres are at the
same z′ coordinate. In the configuration shown in figure 3.9(b), the dipole interaction is attrac-
tive. If the dipoles are along the molecular major axis, the average energy would be zero when
both molecules rotate freely about their major axes. Since the dipoles are off-axis, their sepa-
ration decreases, shown in figure 3.9(a). The dipoles also lie antiparallel when they are more
distant (figure 3.9(c)), but the corresponding repulsive interaction is quite small. The net contri-
bution when averaged over molecular rotations is repulsive. In the smectic-C phase, the angle
of inclination with respect to the normal plane of the layers is equivalent to having neighbouring
molecules displaced along dz′ in the inclination plane (figure 3.10).

Govind and Madhusudana took the following into account in their model:
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Figure 3.10: The relative shift of molecules along Z′ shown in (a) is equivalent to a tilting of the
molecules in the layers with the layer normal along Z (b).

Source: Govind and Madhusudana, 2002 [89].

• the molecules are rod-shaped with an off-axis lateral dipole, and can rotate freely along
the molecular major axis;

• the molecules tilt only in one plane, and the displacement is zero in a plane orthogonal to
the tilting plane;

• the molecules experience an attractive potential due to dispersion interactions between
the aromatic nuclei.

Experimental studies indicate that the stability of the Sm-C phase strongly depends on the
molecular structure. In general, molecules with stronger dipoles lead to larger tilt angles, and
the addition of a terminal dipole increases the stability of the Sm-C phase. It can be seen that
the theoretical trends are reflecting the experimental ones, and the assumption that the tilt is a
consequence of lateral off-axis dipoles seems reasonable.
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The authors proposed a single-particle tilt potential considering the following facts:

• The molecular tilt is only possible with layer ordering. Since the sign of the relevant
order parameter τ only depends on the choice of origin, by symmetry, the tilt potential
only depends on τ2. So, UC ∝ τ2.

• The strength and number of minima in the inclination potential depend on the detailed
molecular structure. Thus, UC(θi) ∝ −∑n βn sin2nθi, where βn depends on the strength
and geometric arrangement of the dipoles.

• Their calculations assumed perfectly ordered molecules (S= 1). However, in reality S 6= 1
and therefore angles θ and φ must vary according to an appropriate distribution function.
Therefore, U must be coupled to S. However, the direct coupling of UC with S was not
considered.

• The inclination potential depends on φ , as the Sm-C phase is biaxial. So, UC(φi)∝ cosφi.

• As in any mean-field theory, the single-particle potential depends on the extent of the
relevant ordering in the medium. Considering η the order parameter of the Sm-C phase,
one should have UC ∝ η .

Under these conditions, the one-particle tilting potential, consistent with biaxial symmetry, is
written as

UC(θi,φi)∝−∑
n

βnηnτ
2 sin2nθi cosφi, (3.19)

where βn depends on the strength and geometrical arrangement of the molecule’s dipoles.
τ = 〈cos(2πz/d)〉 is the translational order parameter, where z is the position of the cen-
tre of the molecule along the axis normal to the layer plane, ~z and d is the layer spacing.
ηn = 〈sin2nθ cosφ〉 gives the tilting order parameter, with θi and φi the polar and azimuthal
angles of the major axis of the i-th molecule with respect to the coordinate axis. For simplicity,
the calculations were restricted to n = 1, allowing a maximum tilt of 45◦.

The layering potential considered was proposed by McMillan for the smectic-A phase. How-
ever, Govind and Madhusudana chose the decoupled form of the potential, following Katriel
and Kventsel:

UM(ψi,zi) =−U0

[
1+αη cos

(
2πzi

d

)]
S
(

3cos2 ψi−1
2

)
, (3.20)

where S = 〈3cos2 ψ−1〉/2 is the nematic order parameter and α is McMillan’s model param-
eter for the formation of smectic layers.
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As aforementioned, this layering potential neither specifies the relative orientation between the
director nor the layer normal. In order to ensure that the smectic-A phase exists, an excluded-
volume contribution must be considered. To do so, elongated right circular cylinders are con-
sidered, with an excluded area of 4πR2/ in the smectic-A phase, where R is the radius of cross-
section of the cylinders. In the smectic-C phase, a small tilt angle ω increases the excluded area
by ∆A ∝ sin2

ω .

In hard-rod models, the increase in the free energy due to the hard-core interaction is propor-
tional to the excluded volume, and so to ∆A. It also depends on τ2, given the argument used ear-
lier, that the molecular tilt only exists in the presence of a layering order. Goossens shows that,
for ellipsoids, the proportionality factor must be a function of the orientational order. Govind
and Madhusudana, however, argue that this dependence can be neglected. The increase in the
free energy due to excluded volume effects is then given by

δFhr = γKBT τ
2 sin2

ω, (3.21)

where γ > 0 is a parameter dependent on the ellipsoid’s dimensions.

The molar Helmholtz free energy is given by

F = −NU0

2
[
(1+ατ

2)S2 +αβτ
2
η

2]

+ NkBT
[

1
2πd

∫ +1

−1
d cosθ

∫
π

0
dφ

∫ −d/2

+d/2
dz f ln f + γτ

2 sin2
ω

]
, (3.22)

where f (θ ,φ ,z) is the single-particle distribution function:

f = Z−1exp
{(

U0

kBT

)[
(1+ατ

2)S
(

3cos2 ψ−1
2

)
+αβτ

2
η sin2θ cosφ

]

+

[(
U0

kBT

)
α(S2 +βη

2)−2γ sin2
ω

]
τ cos

(
2πz
d

)}
, (3.23)

and Z is the normalising integral.

The order parameters, obtained as the averages over the distribution function are:

S =
1

2πd

∫ +1

−1
d cosθ

∫
π

0
dφ

∫ +d/2

−d/2
dz f

(
3cos2 ψ−1

2

)
, (3.24)

τ =
1

2πd

∫ +1

−1
d cosθ

∫
π

0
dφ

∫ +d/2

−d/2
dz f cos

(
2πz
d

)
, (3.25)
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η =
1

2πd

∫ +1

−1
d cosθ

∫
π

0
dφ

∫ +d/2

−d/2
dz f sin2θ cosφ . (3.26)

These self-consistency equations also minimise the free energy.

In the model, the tilt angle ω , which is the average of all molecular tilt angles θ , appears
explicitly, so that the free energy must be minimised with respect to ω . Its variation closely
follows η , so that for small values, one can expect ω ≈ η/2 (see figure 3.11). The temperature
dependence on the order parameters s, τ and η is also shown in figure 3.11, for the model
parameters α = 0.95, β = 0.4 and γ = 3. As expected, we can see a second-order Sm-C–Sm-A
followed by first-order Sm-A–N and N–Iso phase transitions.

Figure 3.11: Temperature variations of the order parameters S, τ and η and the tilt angle ω for α = 0.95,
β = 0.4 and γ = 3.

Source: Govind and Madhusudana, 2002 [89].

The phase diagram T −α is shown in figure 3.12 for γ = 3 and β = 0.42. As α is increased,
the Sm-A range decreases to zero, giving rise to a first-order Sm-C–N transition. Despite not
being immediately evident, there is a small increase in slope between the N–Sm-A and N–Sm-C
transition lines.
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Figure 3.12: Calculated phase diagram T −α for γ = 3 and β = 0.42. The dashed line indicates a
second-order transition and the solid line indicates a first-order transition. The jump in η at the first-
order Sm-C–N transition decreases to zero as the N–Sm-A–Sm-C point is reached.

Source: Govind and Madhusudana, 2002 [89].

3.2 Microscopic Model for Bulk Transitions of Smectogenic
Systems in the Smectic-C Phase

As discussed in the previous section, it is possible to create microscopic models of liquid crys-
talline systems by considering the interaction potential between molecules. However, the de-
scription of phase transitions involving liquid-crystalline phases with more ordering degrees
requires a larger number of free parameters in these models. We have seen that the model pro-
posed by Govind and Madhusudana can adequately describe phase transitions involving liquid
crystals in the smectic-C phase. However, a high number of free parameters and an additional
excluded-volume contribution is needed to satisfactorily describe these systems. In order to
extend the model to freely suspended smectic-C films in the next chapter, we will first introduce
a model similar to that of Govind and Madhusudana, but with fewer free parameters.

We investigate a single component smectogenic system of rod-like molecules with a small or
moderate transverse dipole moment [89], which presents a layer contraction in the tilted smectic
phase. In order to characterise the average molecular orientation inside the smectic layers,
the relative orientation of the director ~n (|~n| = 1) to the smectic wave vectors ~q, given by the
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average tilt angle ω , is considered. These are shown in figure 3.13(a), where~q is assumed to be
normal to the smectic layer plane (x− y plane), whose magnitude depends on the layer spacing
d (|~q|= 2π/d).

Figure 3.13: (a) Schematic representation of the long molecular axis~a in the Sm-C phase, for a Cartesian
coordinate system, with the z-axis normal to the smectic layer plane. (b) Representation of the layer
contraction induced by the molecular tilt, with d0 the layer spacing in the Sm-A phase.
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Source: Author, 2021.

For convenience, the director ~n is fixed in the z− x plane in a Cartesian system with the z axis
parallel to ~q, the orientation of the molecular long axis ~a is defined using polar and azimuthal
angles θ and φ , respectively. The orientation of the molecular long axis with respect to the
director is represented by the angle ψ , which satisfies;

cosψ = cosθ cosω + sinθ sinω sinφ . (3.27)

In what follows, the average tilt direction is assumed invariant for all smectic layers and that
all molecular centres are randomly distributed within the layer’s plane. Furthermore, a non-null
average tilt leads to a contraction of the layer spacing, defined by d = d0 cosω , with d0 denoting
the layer spacing in the smectic-A phase, as represented in figure 3.13(b).

3.2.1 Our Model and Formalism

Using Govind and Madhusudana’s approach [44, 89], a single-particle mean-field potential that
corresponds to an extension of McMillan’s model with the inclusion of a tilting term is written
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as

V =−V0

{[
s+ασ cos

(
2πz
d

)]
P2(cosψ)+αβσ

2
η sin2θ cosφ

}
. (3.28)

In equation 3.28, V0 is a typical interaction potential that determines the bulk nematic–isotropic
transition temperature. P2(cosψ) is the second order Legendre polynomial, where ψ is the
angle between the molecular long axis and the director ~n. s, σ and η are orientational, trans-
lational and tilt order parameters, respectively. β is a constant associated with the geometrical
arrangement and the dipole strength in rod-like molecules. The quantity α is given by

α = 2
(

α0

2

)sec2 ω

, (3.29)

in which α0 is the geometric parameter related to the length of alkyl chains of rod-like molecules,
through the expression α0 = 2exp

[
−(πr0/d0)

2
]
. r0 is a characteristic length associated with

the molecular rigid part.

The order parameters s, σ and η are defined by

s = 〈P2(cosψ)〉, (3.30)

σ =

〈
P2(cosψ)cos

(
2πz
d

)〉
, (3.31)

and
η = 〈sin2θ cosφ〉. (3.32)

The thermodynamical averages, 〈· · · 〉, are computed using the one-particle distribution function;

Z (z,θ ,φ)∝ exp [−V/kBT ], (3.33)

in which kB is the Boltzmann constant and T is the temperature. The equilibrium order param-
eters are solutions of the self-consistent equations, corresponding to the extreme values of the
Helmholtz free energy, given by;

F
N0V0

=
1
2
(
s2 +ασ

2 +αβσ
2
η

2)

− kBT
V0

ln
[

1
2πd

∫ 1

−1
d cosθ

∫
π

0
dφ

∫ d

0
dzZ

]
, (3.34)

where N0 is the number of molecules. The equilibrium state is determined by the Helmholtz
free energy’s global minimum. The solutions corresponding to the different phases are

• s = σ = η = 0→ Isotropic;
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• s 6= 0 and σ = η = 0→ Nematic;

• s 6= 0, σ 6= 0 and η = 0→ Smectic-A;

• s 6= 0, σ 6= 0 and η 6= 0→ Smectic-C.

In the present model, the order parameters are numerically determined by the self-consistent
equations for different values of tilt angle ω , and for fixed values of T , α0 and β . The equilib-
rium configuration is determined by the Helmholtz free energy minimum with respect to ω .

3.2.2 Results

Figure 3.14 shows the Helmholtz free energy as a function of the average tilt angle, in the
vicinity of the Sm-C–Sm-A transition temperature TCA, for α0 = 0.80 and β = 0.40. For T >

TCA, the null tilt angle corresponds to the only Helmholtz free energy minimum, which excludes
the possibility of coexisting Sm-C and Sm-A phases at T = TCA. Such a scenario is typical of
a second order phase transition, where the energy minimum in the disordered phase becomes a
local maximum in the ordered one. When T < TCA, the Helmholtz free energy is minimized at
a non-null value of tilt angle.

Figure 3.14: Helmholtz free energy with respect to tilt angle ω for α0 = 0.80 and β = 0.40 and for tem-
peratures: T = 0.94TCA (solid black line), T = 1.00TCA (dashed red line) and T = 1.01TCA (dotted blue
line), where TCA is the Sm-C–Sm-A transition temperature. Notice that a non-null tilt angle corresponds
to a minimum of the Helmholtz free energy for T < TCA.
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We show the temperature dependence of s, σ and η order parameters for β = 0.33 and different
values of α0. For simplicity, we use a reduced temperature, where the system’s temperature is
normalised by the nematic–isotropic transition temperature, TNI = 0.2202V0/kB. For α0 = 0.70,
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the tilt order parameter η decays continuously with increasing temperature, while the orienta-
tional and translational order parameters stay finite, characterising a second order Sm-C–Sm-A
phase transition at T/TNI = 0.729 (figure 3.15(a)). At η = 0, the single particle potential is of
McMillan’s model, which predicts a second-order Sm-A–N phase transition for α0 ≤ 0.70. The
translational order parameter σ continuously goes to zero at T/TNI = 0.867, signalling a second
order Sm-A–N phase transition, as predicted by McMillan’s model. Finally, the orientational
order parameter s is discontinuous at T/TNI = 1, signalling a first order N–Iso phase transition,
as predicted by both the Maier-Saupe theory and McMillan’s model.

Figure 3.15(b) shows the entropy change and specific heat as a function of the temperature. At
T = TCA. The entropy change is continuous, while the specific heat has a small discontinuity,
characterising a second-order transition. At T = TAN , we notice a slope change in the entropy.
However, this change is still continuous at the transition, presenting a more pronounced discon-
tinuity in the specific heat, also characterising a second-order transition. Finally, at T = TNI , the
entropy change is discontinuous, which is typical of a first-order phase transition.

Figure 3.15: Temperature dependence of (a) orientational, s, translational, σ , and tilt, η , order parame-
ters and (b) entropy and specific heat for β = 0.33 and α0 = 0.70.
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McMillan’s model predicts a first-order Sm-A–N phase transition for α0 > 0.70. In figure 3.16,
we notice that when α0 = 0.75, the translational order parameter σ develops a discontinuity at
T/TNI = 0.892, which is accompanied by an abrupt reduction of the orientational order param-
eter s, signalling a first order Sm-A–N phase transition.
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Figure 3.16: Temperature dependence of (a) orientational, s, translational, σ , and tilt, η , order parame-
ters and (b) entropy and specific heat for β = 0.33 and α0 = 0.75.
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Furthermore, we notice that increasing α0 alone favours molecular tilting, and therefore the
smectic-C phase (see figures 3.15 and 3.16). This is because molecular tilting is only relevant
in the presence of layering, and the strength of the tilting potential is proportional to both β

and α = α(α0,ω). Since the nematic–isotropic transition temperature only depends on the
interaction potential’s amplitude, V0, favouring the smectic-C phase causes the temperature
range of the smectic-A and nematic phases to decrease with increasing α0.

Moreover, we can use TCA/TNI and TAN/TNI to compare these results with experimental findings
for smectogenic compounds with a small transverse dipole moment. Recall that the nonchiral
liquid crystalline compound p-decyloxybenzoic acid p-n-hexyphenyl ester (DOBHOP) exhibits
a second order Sm-C–Sm-A phase transition, followed by a first order Sm-A–N phase transition,
with TCA/TNI = 0.872 and TAN/TNI = 0.937 [32]. As the DOBHOP molecules present a small
transverse dipole moment (P ≈ 4 nC/cm2) [97], the present results indicate that the single-
particle molecular potential of equation 3.28 provides a reasonable description of the phase
sequence of DOBHOP compound with model parameter values of β = 0.33 and α0 = 0.85
(figure 3.17).

To characterise the effects of molecular structure on the tilt behaviour of the smectic-C phase,
the tilt angle’s temperature dependence for β = 0.33 and distinct values of α0 are shown in

Instituto de Física - UFAL



3.2. MICROSCOPIC MODEL FOR BULK TRANSITIONS OF SMECTOGENIC
SYSTEMS IN THE SMECTIC-C PHASE 54

Figure 3.17: Temperature dependence of (a) orientational, s, translational, σ , and tilt, η , order parame-
ters and (b) entropy and specific heat for β = 0.33 and α0 = 0.85.
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figure 3.18.

Figure 3.18: The tilt angle as a function of T/TC for β = 0.33 and three representative values of the
geometric parameter α0: α0 = 0.75 (solid black line), α0 = 0.85 (dashed red line), and α0 = 0.98 (dotted
blue line).
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For convenience, the system’s temperature was rescaled by TC, which vanishes the η order
parameter. As α0 increases, the continuous decay of the tilt angle is replaced by a discontinuous
jump at T = TC. This suggests that α0 affects the nature of the phase transitions involving the
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smectic-C phase, despite a constant β . Since α0 is associated with the length of alkyl-chains in
rod-like molecules, this result corresponds with experimental findings for different homologous
series [74, 98], where the molecular rigid part is kept constant and the alkyl-chain’s length is
varied. For T < TC, the tilt angle is favoured with increasing α0, and the layer contraction
becomes more pronounced.

Figure 3.19 shows both the geometric parameter α and layer spacing d against temperature and
thereof, the tilt angle ω . The layer contraction increases with model parameters α0 and β .

Figure 3.19: Temperature dependence of the geometric parameter α and the layer spacing d for (a)
β = 0.33; α0 = 0.85 and (b) β = 0.70; α0 = 0.95.
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The model also predicts phase transitions involving smectic-C beyond the Sm-C–Sm-A tran-
sition. Figure 3.20 shows the order parameters for β = 0.70 and different values of α0. For
α0 = 0.65, we observe a second-order Sm-C–N transition followed by a first-order N–Iso tran-
sition. For α0 = 0.95, a sequence of first-order Sm-C–N and N–Iso transitions take place. At
α0 = 1.05, only a first-order Sm-C–Iso phase transition occurs.

Finally, figure 3.21 gives a better understanding of phase transitions involving the smectic-C
phase. We show the phase diagrams of temperature versus α , for various β . The temperature
is rescaled by the nematic–isotropic transition temperature, TNI . For β = 0.30, we observe a
second order Sm-C–Sm-A phase transition for α0 < 1.01, while a first order Sm-C–Iso phase
transition takes place for α0 > 1.01, as shown in figure 3.21(a). This indicates that α0 = 1.01
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Figure 3.20: Temperature dependence of orientational, s, translational, σ , and tilt, η , order parameters,
entropy and specific heat for β = 0.70 and α0 = (a) 0.65, (b) 0.95 and (c) 1.05.
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is a critical end point, which corresponds to the position where the line of continuous Sm-
C–Sm-A transition encounters the coexistence line between the smectic-C and the isotropic
phase. Similarly to McMillan’s model [99], we observe a tricritical point at α0 = 0.70, de-
limiting the regions of continuous and discontinuous Sm-A–N transitions. Moreover, one can
note the triple point at α0 = 0.98, which determines the coexistence of nematic, smectic-A
and isotropic phases. This phase behaviour is in agreement with experimental findings for
terephthal-bis-(4n)-alkylaniline (TBnA) [74] and 2-(4-alkyloxyphenyl)-5-alkyloxypyrimidines
(PhPn) [98] homologous series.

Figure 3.21(b), shows the T −α0 phase diagram for β = 0.33, where a critical end point is
observed at α0 = 0.96. However, the line of continuous Sm-C–Sm-A transition reaches the
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Figure 3.21: The phase diagram in the reduced temperature vs α0 plane for β = (a) 0.30, (b) 0.33,
(c) 0.40 and (d) 0.70. Solid (dotted) lines corresponds to first-order (second-order) transitions. As the
parameter β increases, the smectic-A phase disappears.
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coexistence line of discontinuous Sm-A–N transition, thus corresponding to a NAC critical
end point. A similar scenario is observed for β = 0.40, as presented in figure 3.21(c). It is
remarkable that the NAC critical end point is displaced to lower values of α0 as β is increased,
which is accompanied by a reduction in the Sm-A temperature range.

For β = 0.70, the smectic-A phase is suppressed and a tricritical point at α0 = 0.70 delimits
the regions of continuous and discontinuous Sm-C–N transitions, as shown in figure 3.21(d).
We notice that the NA tricritical point and the NAC critical end point merge with increasing
β , giving rise to a NC tricritical point. It is important to emphasise that the smectic-A phase
is stabilised by the layer contraction, without an excluded-volume contribution, as suggested
by Govind and Madhusudana [44, 89]. The single-particle mean-field potential introduced in
equation 3.28 captures the main features of the phase transitions involving Sm-C phase, with a
reduced number of free parameters.
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IV

SURFACE AND FINITE SIZE EFFECTS
ON PHASE TRANSITIONS IN

FREE-STANDING SMECTIC-C FILMS

Smectic liquid crystal phase transitions are phenomenologically very rich due to their interplay
of anisotropic critical behaviour [75, 100], surface ordering [68, 101, 102], finite size effects
[78, 103], and external fields [104–106]. In particular, smectic samples have a unique ability of
forming freely suspended films, also termed as free-standing films, which correspond to a stack
of smectic layers confined in a surrounding gas [107]. Due to the absence of a solid substrate,
the equilibrium configuration is determined by the film holder, with the surface tension reduc-
ing thermal fluctuations at the film’s surface [108]. In fact, surface anchoring conditions at the
gas/film interface can lead to the stabilisation of the smectic ordering even above the bulk tran-
sition temperatures [109]. A large variety of unusual physical phenomena can consequently be
observed in free-standing smectic films, such as layer thinning and thickening transitions [52,
110, 111], specific heat anomalies [75, 79, 80], thickness dependence on the transition temper-
ature [103], as well as surface-induced biaxiliaty [102]. Since the film thickness can vary from
a few nanometres to several micrometres, free-standing films constitute a suitable experimental
setup for understanding how changes in the system’s dimensionality affect the thermodynamic
behaviour of the smectic phase [109, 112].

Tilting transitions in free-standing smectic films may exhibit different behaviour to those ob-
served in bulk systems [76, 78, 81, 84, 113–116]. In fact, surface anchoring conditions and
finite size effects tend to affect the thermal behaviour of both orientational and translational or-
der parameters in thin free-standing smectic films. From monitoring the transmittance of such
systems close to a second order Sm-C–Sm-A phase transition, an unusual thickness dependence
has been reported for the thermal behaviour of the average tilt angle [76], with the transition
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temperature in thin films being higher than of bulk system’s. Optical ellipsometry revealed a
finite average tilt in the surface layers of free-standing films well above the bulk transition tem-
perature [84]. Such a scenario has been supported by electron diffraction measurements in thin
film [81], where a surface-induced phase sequence is identified. Moreover, surface effects may
lead to changes in the nature of Sm-C–Sm-A phase transition [84, 116], especially in films of
a few layers. For compounds presenting a first order Sm-C–Sm-A bulk phase transition, the
discontinuous jump in the tilt angle is replaced by a continuous behaviour at the transition tem-
perature, when the film thickness is lower than a characteristic thickness [84, 116]. Furthermore,
surface anchoring and finite size effects give rise to a non-uniform tilt profile in free-standing
smectic-C films [115], with the outermost layers most tilted. In chiral smectic samples, a series
of discrete transitions has been reported [78], where a reentrant synclinic-anticlinic-synclinic
ordering sequence takes place at the surface film in the presence of an external electric field.

Although several studies have been devoted to the theoretical description of phase transitions in
bulk smectic-C systems, microscopic models for free-standing films have not been extensively
explored so far. We investigate nematic–smectic-A–smectic-C phase transitions by using an ex-
tended version of the mean-field theory for smectic-C liquid crystals. The interplay of surface
anchoring and finite size effects is shown to affect the thermal behaviour of the order param-
eters in free-standing smectic films. In particular, the additional orientational order imposed
by the surface anchoring may lead to a stabilisation of order parameters in central layers, thus
modifying the nature of the phase transitions. The results are compared against experimental
findings for typical thermotropic compounds presenting a nematic–smectic-A–smectic-C phase
sequence.

4.1 Free-Standing Films

Due to their layered structure, smectic liquid crystals form films similar to soap bubbles. This
property of smectic mesophases has been known to George Friedel [7] since the beginning of the
20th century. Such films have been considered very convenient and highly perfect samples for
structural X-ray studies of smectic liquid crystals. However, systematic studies of the structure
and physical properties of these films were only carried out in the early 1970s, by Young et al
[117].

Smectic free-standing films are two-dimensional liquid layers surrounded by a gaseous environ-
ment that tend to maintain a well-defined spacing (see figure 4.1). These films are denominated
‘free-standing’ due to the absence of stabilising solid substrates. Other nomenclatures used
to describe these systems include freely suspended films or membranes. In his study of how
and why such systems exist, Pieranski [118] used the term ‘membranes’ to reflect that surface
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Figure 4.1: Representative scheme of a free-standing smectic film, with layers surrounded by a gaseous
environment, where d is the distance between layers.

d

Source: Author, 2021.

tension is a requirement for the existence of such films. In order to stay flat, the film must
be subject to a surface tension τ , like a drum’s skin. If the tension were to be released, the
film would thicken due to new layers being formed. Furthermore, if a hole were made in the
film its tension would drop to zero, causing a rupture. Within a hydrodynamic approach, the
surface tension represents the coupling between the film and the gaseous environment and is
responsible for reducing fluctuations close to the film’s surface.

In general, free-standing films are formed by depositing material in the smectic phase on a flat
surface with a hole, as shown in figure 4.2. Then the material is heated and spread over the hole,
with a few millimetres in diameter. The larger the hole’s diameter of the hole, the thinner the
film. The lateral extension of these films is usually of the order of millimetres or centimetres,
while their thickness is of the order of a few nanometres or micrometres.

The film’s existence depends on the presence of the frame on which it is spanned. The film is
connected to the frame via the meniscus, whose volume is much larger than the film’s, and so
can be considered a reservoir of molecules (see figures 4.3 and 4.4(a)). Changes in the film’s
surface area requires a transfer of molecules between the film and the meniscus. During this
process, molecules flow both between and within layers.

To determine the film’s thickness, the reflected intensity of a low-power laser on the film’s
surface [119] is measured. The shape of the meniscus can also be deduced from the interference
fringes. Films can contain textures involving any of the in-plane ordering of molecules that are
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Figure 4.2: Representative scheme of the formation process of a free-standing smectic film. A sample
of smectic liquid crystal is spread over a circular opening in a flat surface. The film is connected to the
frame by a meniscus.

Hole
Smectic

Liquid Crystal
Smectic

Film
Wiper

Film thickness
Gas

Gas

Meniscus

Source: Author, 2021.

Figure 4.3: Idealised structure of the meniscus.

Source: Pieranski, 1993 [118].

characteristic for smectic phases other than the usual smectic-A phase. In figure 4.4(b), we see
a hedgehog singularity characteristic of smectic phases with tilted molecules. In the smectic-C
phase, the hedgehog singularity exists in any closed loop-like step.

As in soap bubbles, gravitational effects in free-standing films are negligible when compared
to intrinsic elastic forces. These films are stable for days and even weeks which is due to the
surface tension at the film/gas interface that suppresses variations at the film’s surface area. The

Instituto de Física - UFAL



4.2. EXTENSION OF MCMILLAN’S MODEL FOR FREE-STANDING FILMS:
MCMILLAN-MIRANTSEV MODEL 62

Figure 4.4: (a) Nucleation of the film as seen in the reflecting microscope under illumination from a
monochromatic light. A circular membrane of small diameter is surrounded by the meniscus. (b) Hedge-
hog singularity in a smectic-C* film as seen in the reflecting microscope under a polarised monochro-
matic illumination. The orientation~n of molecules can be deduced from the fringe’s configuration.

(a) (b)

Source: Pieranski, 1993 [118].

surface tension is directly related to interactions close to the surface [120]. It is possible to
distinguish two regimes of surface tension: strong surface anchoring, where the surface tension
induces a greater organisation in the vicinity of the surface than in the film’s centre, and a regime
of weak surface anchoring, where the centre of the film is more organised than its surface.
Therefore, free-standing films are interesting for investigating surface effects [121].

An interesting aspect of free-standing films is that surface effects can stabilise the smectic order
at temperatures above the sample’s transition temperature [52, 109]. Several unusual phenom-
ena can be observed depending on the superficial anchoring intensity. In particular, a transition
by layer reduction, induced by the surface, can take place, reducing the film’s thickness layer
by layer with increasing temperature [55]. Layer-thickening transition can also take place in
free-standing films, whose first clear observation by de Jeu et al. [122], attributed by local
heating at one side of the film. A change - thinning or thickening - in the number of layers is
discontinuous and can be seen as a first-order transition.

4.2 Extension of McMillan’s Model for Free-Standing Films:
McMillan-Mirantsev Model

With the purpose of studying phase transitions in thin films, Mirantsev proposed an extension
of McMillan’s model to transitions involving the smectic phase A. In his work, the author
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considered a freely suspended smectic film consisting of N discrete liquid-crystalline layers
with thickness d of the order of the molecular length. Moreover, the film is homeotropically
oriented, i.e. the director ~n lies along the normal to the plane of the layers. In this model,
each layer has a pair of order parameters (nematic and smectic) that are coupled to the pair of
parameters of the neighbouring layers. Thus, the molecules in each layer can interact only with
molecules of the same and the two closest neighbouring layers.

The interaction between the liquid crystal molecules and the boundary surface is simulated by a
short-range orientational field that acts directly and solely on the first and last layers of the film.
The anchoring potential can be written as follows

W1(θ1) =−W0

(
3
2

cos2
θ1−

1
2

)
, (4.1)

and
WN(θN) =−W0

(
3
2

cos2
θN−

1
2

)
, (4.2)

where θ1 and θN are the angles between the major axes of the molecules in the first and last
layer, respectively, and the normal to the boundary surface. W0 is the interaction amplitude,
which also incorporates excluded volume effects. As the molecules in the i-th layer only interact
with molecules in that and in neighbouring layers, it is possible to associate the interaction with
the following pseudopotential Vi(zi,θi) :
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and

VN(zN ,θN) =−
V0
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)[
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+α cos
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]
,

where α = 2e−(πr0/d)2
. si and σi are the nematic and smectic order parameters, respectively, for

the i-th layer, determined by the following self-consistent relations:

si =

〈
3
2

cos2
θi−

1
2

〉

i
, (4.4)

σi =

〈(
3
2

cos2
θi−

1
2

)
cos
(

2πzi

d

)〉

i
. (4.5)

To obtain equations 4.3 the system is assumed to be axially symmetric and the average number
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of molecules in each layer is constant. The mean value of a physical quantity A is given by

〈A〉i =
∫ id
(i−1)d dzi

∫ 1
−1 Ai(zi,θi)e

−Vi
kBT d(cosθi)

∫ id
(i−1)d dzi

∫ 1
−1 e

−Vi
kBT d(cosθi)

. (4.6)

The Helmholtz free energy for a film of discrete layers is:
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where N0 is the number of molecules inside a single layer. The total free energy F of an N-layer
film is then

F =
N

∑
i=1

Fi. (4.8)

In his work, Mirantsev used α ≥ 1, corresponding to Sm-A–Iso transitions according to McMil-
lan’s theory. Moreover, the interaction between the liquid crystal molecules and the surface, W0,
was taken as greater than the intermolecular interaction, V0.

Figure 4.5 shows the profiles of the orientational (s) and translational (σ ) order parameters for
α = 1.05, which shows a first-order Sm-A–Iso phase transition at T bulk

AI = 1.021TNI in the bulk.
For T < T bulk

AI (black circles), both order parameters are non-null and are larger in the surface
layers. For T > T bulk

AI (red squares and blue diamonds), the smectic-A phase becomes unstable,
and the system undergoes a discontinuous transition to a quasi-smectic-A phase, where the
order parameters are non-zero at the surface and drop to zero rapidly at the centre of the film.
For T >> T bulk

AI (green triangles), the whole film becomes unstable, with the smectic order
parameter going to zero even in the surface layers.
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Figure 4.5: Profiles of (a) orientational and (b) translational order parameters for a free-standing smectic-
A film with α = 1.05 and N = 25, at different temperatures: T = 1.000TNI (black circles), T = 1.040TNI

(red squares), T = 1.060TNI (blue diamonds) and T = 1.100TNI (green triangles). We use W0/V0 = 3.00,
corresponding to the strong anchoring regime.
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We also show the order parameter profiles for α < 1, corresponding to a system presenting the
Sm-A–N–Iso phase transition sequence, in figure 4.6. Consider the example of α = 0.85 with
the following bulk transition temperatures: T bulk

AN = 0.941TNI and T bulk
NI = TNI . We consider

a film of N = 25 layers and use W0/V0 = 2.5, configuring a strong anchoring regime. For
T > T bulk

AN , the smectic order parameter goes to zero at the centre of the film, with σ 6= 0 in the
outer layers. However, the nematic order parameter is non-null across the entire film, which
indicates that the interior layers don’t transition to the isotropic phase, as for α > 1, and instead
the entire film becomes unstable. This suggests that a layer thinning transition can only occur
for compounds already presenting the Sm-A–Iso phase transition in the bulk.
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Figure 4.6: Profiles of (a) orientational and (b) translational order parameters for a free-standing smectic-
A film with α = 0.85 and N = 25, at different temperatures: T = 0.900TNI (black circles), T = 0.940TNI

(red squares), T = 0.960TNI (blue diamonds) and T = 0.980TNI (green triangles). We use W0/V0 = 2.50,
corresponding to the regime of strong anchoring condition.
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4.3 Extended Molecular Model for Free-Standing Smectic-C
Films

We have seen that the model proposed by Mirantsev satisfactorily extends McMillan’s model
for the smectic-A phase by considering a set of discrete smectic layers and an orientational field
in the film’s surface layers. However, Mirantsev’s model is as limited as McMillan’s original
model, as it cannot distinguish between different smectic phases. In the following, we will
introduce a model similar to Mirantsev’s to extend the model introduced in section 3.2 for free-
standing films.

4.3.1 Our Model and Formalism

An extended version of McMillan-Mirantsev’s model [55] is used to describe phase transitions
in free-standing smectic-C films, which includes an effective tilting potential. We assume a
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stratified film of N discrete layers, where each has its own set of orientational, si, translational,
σi, and tilt, ηi, order parameters.

Figure 4.7: Schematic representation of the Sm–C system. A Cartesian coordinate system whose z-axis
is normal to the smectic layer plane is used.
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Source: Author, 2021.

Once the molecular orientation is defined via the polar and azimuthal angles θi and φi, the
effective one-particle mean-field potential of the layer positioned at zi is:

V1(z1,θ1,φ1) = − V0

3
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[
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, (4.9)

VN(zN ,θN ,φN) = − V0
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,

The quantity αi is given by:

αi = 2
(

α0

2

)sec2 ωi
, (4.10)
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in which α0 is the geometric parameter related to the length of alkyl chains of rod-like molecules,
through the expression α0 = 2exp

[
−(πr0/d0)

2
]
, as defined by McMillan. ωi is the tilt angle

in the ith layer, satisfying the relation:

cosψi = cosθi cosωi + sinθi sinωi sinφi. (4.11)

The tilt angle ωi leads to a contraction of the ith layer spacing, defined by:

di = d0 cosωi, (4.12)

with d0 denoting the layer spacing in the smectic-A phase. In this approach, the surface anchor-
ing is represented by a surface orientational field of strength W0.

For a free-standing smectic-C film, we assume that the surface ordering gives rise to the follow-
ing tilt angle profile [123]

ωi = ωB +
(ωS−ωB)cosh

[
d0(2i−N−1)

2ξ

]

cosh
[

d0(N−1)
2ξ

] , (4.13)

where ωB is the bulk tilt angle and ωS is the tilt angle in the outermost layers. ξ is the surface
penetration length, which delimits the range of anchoring effects on the tilt ordering along the
film. As we consider a short-range surface contribution in the one-particle mean-field potential,
we assume ξ = 2d0. In fact, previous studies reported that the surface penetration length is of
the order of the average smectic layer spacing d0 [72, 115, 124], which does not exceed a few
molecular layers.

Figure 4.8: Tilt angle profile for a temperature below the Sm-C–Sm-A transition (T = 0.885TNI), for
α = 0.33, β = 0.85 and different values of film thickness: N = 7 (black circles), N = 15 (red squares),
N = 25 (blue diamonds), N = 45 (green up triangles) and N = 85 (grey left triangles).
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Source: Author, 2021.
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It is important to highlight that the tilt angle profile defined by equation 4.13, and shown in
figure 4.8, was introduced by Tweet and co-workers [123], using a simple phenomenological
elastic model. However, experimental results indicate that the tilt angle disappears before the
layered structure is disrupted when the film’s temperature is increased [76, 125, 126]. In order
to provide a better description of free-standing smectic-C films, we suppose that the surface tilt
angle presents a typical temperature dependence of a mean-field model, that is,

ωS = ω0

(
TAN−T

TAN−TCA

) 1
2

. (4.14)

TCA and TAN are the bulk Sm-C–Sm-A and Sm-A–N transition temperatures, respectively. In
this model, ωS vanishes as the smectic order is reduced. In what follows, we use ω0 = 0.26
(∼ 15◦).

The local order parameters si, σi and ηi are defined as thermodynamical averages:

si = 〈P2(cosψi)〉, (4.15)

σi = 〈P2(cosψi)cos(2πzi/di)〉, (4.16)

and
ηi = 〈sin2θi cosφi〉, (4.17)

computed from the following one-particle distribution function in the i-th smectic layer:

Zi ∝ exp [−Vi/kBT ]. (4.18)

The total Helmholtz free energy is then given by

F
N0V0

=
N

∑
i=1

Fi, (4.19)

with

Fi =
1
2
(
sisi +αiσiσ i +αiβσ

2
i ηiη i

)
−

− kBT
V0

ln
[

1
2πdi

∫ 1

−1
d cosθi

∫
π

0
dφi

∫ idi

(i−1)di−1

dziZi

]
, (4.20)

where si, σ i and η i are the average order parameters in ith layer and its two neighbouring layers,
given by

si =
(1−δi−1,0)si−1 + si +(1−δi+1,N+1)si+1

3
, (4.21)
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σ i =
(1−δi−1,0)σi−1 +σi +(1−δi+1,N+1)σi+1

3
, (4.22)

and
η i =

(1−δi−1,0)ηi−1 +ηi +(1−δi+1,N+1)ηi+1

3
, (4.23)

with i = 1,2, . . . ,N, and δi j is the Kronecker’s delta.

This model provides the order parameters’ profile for different sets of free parameters in the
single-particle mean-field potential: α0, β and W0. The tilt angle profile defined in equation
4.13 is used to obtain the order parameter profiles that minimise the Helmholtz free energy,
thus yielding the equilibrium configuration of the system. It is important to highlight that the
tilt angle profile given by equation 4.13 has been widely used in several experimental studies,
leading to a reasonable description of the thermal and hydrodynamic properties of free-standing
smectic-C films [85, 123, 125].

In combination with equation 4.14, the bulk values of ωB are used to compute the tilt angle
profile for distinct film temperatures, as shown in figure 4.9. We consider N = 15, ω0 = 0.26,
α0 = 0.85 and β = 0.33, with a bulk transition temperature of TCA = 0.902TNI .

Figure 4.9: Tilt angle profile for a N = 15 layer film, for distinct temperatures: T = 0.880TNI (black
circles) and T = 0.906TNI (red squares).

0 5 10 15

i - layer index

0.0

0.1

0.2

0.3

0.4

ω
i (

ra
d
)

Source: Author, 2021.

We observe that equation 4.13 outputs a tilt profile with a positive curvature, where the out-
ermost layers present tilt angles larger than the internal ones. For T > TCA, a pronounced tilt
reduction takes place at central layers as ωB vanishes, while a non-vanishing tilt persists in
outermost layers. Such a scenario is similar to experimental findings, where the surface lay-
ers exhibit a Sm-C–Sm-A transition well above the bulk transition temperature [76]. Besides,
it is important to stress that the tilt angle profile is assumed to be independent of the surface
anchoring, W0.
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4.3.2 Results

Figure 4.10 presents the profiles of the order parameters of a free-standing smectic film with
N = 15 layers. We use the same model parameters as in figure 4.9 and W0/V0 = 0.25, which
corresponds to the weak surface anchoring regime [90].

Figure 4.10: Profiles of (a) orientational, (b) translational and (c) tilt order parameters for a free-standing
smectic film, around the bulk Sm-C–Sm-A transition temperature (TCA = 0.902TNI). We consider dif-
ferent film temperatures: T = 0.880TNI (black circles) and T = 0.906TNI (red squares). W0/V0 = 0.25,
corresponding to the weak surface anchoring regime.
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For T < TCA, the nematic and smectic order parameters present non-uniform profiles with neg-
ative curvature, where the central layers are more ordered than at the surface. More specifically,
the weak anchoring leads to a small valued smectic order parameter at the surface layers.
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On the other hand, the tilt order parameter exhibits a non-uniform profile with a positive cur-
vature. This profile is characterised by a high tilt ordering in the surface layers, as defined by
equation 4.13. This scenario holds for T > TCA, with a small reduction in the nematic and smec-
tic order parameters. However, the tilt order parameter becomes almost negligible in the central
layers, while the surface layers present a finite tilt ordering. In this case, the surface layers
remain in the Sm-C phase, while the central layers present the Sm-A phase. These results show
that the tilt angle profile is the dominant effect in the weak surface anchoring regime.

Figure 4.11: Profiles of (a) orientational, (b) translational and (c) tilt order parameters for a free-standing
smectic film, at the vicinity of bulk Sm-C–Sm-A transition temperature (TCA = 0.902TNI). We consider
different film temperatures: T = 0.880TNI (black circles) and T = 0.906TNI (red squares). W0/V0 = 2.50,
corresponding to the strong surface anchoring regime.
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A distinct scenario emerges in the strong surface anchoring regime, where profound modifi-
cations in the order parameter profiles near the bulk Sm-C–Sm-A transition temperature are
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exhibited in figure 4.11. Figure 4.11(a) shows the positive curvature of the nematic order pa-
rameter’s profile, where the surface layers exhibit an almost saturated orientational ordering.
The behaviour holds for T > TCA, with a small reduction in the internal layers’ nematic order
parameter. Figure 4.11(b), shows that the smectic order parameter exhibits a non-uniform pro-
file with a negative curvature for T < TCA. In this case, the internal layers are more ordered than
the outermost ones. For T > TCA, the smectic order parameter exhibits a very small positive
curvature. Although W0/V0 is not directly coupled to the tilt ordering, the strong anchoring
condition leads to the enhancement of ηi along the whole film, specially in surface layers, as
presented in figure 4.11c. For T > TCA, a strong surface anchoring tends to stabilise the tilt order
along the film, with the exception of the central layers where the tilt ordering is negligible.

Figure 4.12: Temperature dependence of (a) orientational, (b) translational and (c) tilt order parameters
at the central layer in smectic films with N = 15 layers and different anchoring regimes: W0 = 0.25 (black
circles) and W0 = 2.50 (red circles).
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Figure 4.12 shows the order parameters’ temperature dependence in the central layer for both
weak and strong surface anchoring regimes. The former shows a competition between the
surface-induced tilt and the thermal behaviour of the smectic order parameter near the Sm-A–
N transition temperature, so that the centre of the film undergoes a first order Sm-C–N phase
transition. In the latter, the film’s centre undergoes a second-order Sm-C–Sm-A transition,
while the orientational and translational order parameters vary continuously but remain finite at
the transition.

Figure 4.13: Thickness dependence of (a) order parameters in the central layer and (b) average order
parameter of free-standing smectic-C films: nematic (s - black circles), smectic (σ - red squares) and
tilt (η - blue diamonds) order parameters. The tilt angle of central layer and average tilt angle are also
shown (ω - green triangles). We consider a weak surface anchoring: W0 = 0.25.
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The thickness dependence of the order parameters of free-standing films for distinct anchoring
regimes was analysed to investigate the interplay of finite size effects and surface anchoring
conditions, with a constant penetration surface length of ξ = 2d0. In the regime of weak surface
anchoring, as shown in figure 4.13(a), the nematic and smectic order parameters of the central
layers increase rapidly with the film thickness, reaching their maximum values for N = 15. On
the other hand, the tilt order parameter gradually decreases with increasing film thickness, thus
reflecting the thickness dependence of tilt angle defined by equation 4.13. This result indicates
that finite size effects govern the thermal behaviour of order parameters in the weak surface
anchoring regime. The average order parameters across all layers are also shown in figure
4.13(b).
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Figure 4.14 shows a distinct behaviour for strong surface anchoring. The nematic order param-
eter at the central layer is independent of the film thickness, while the smectic order parameter
only slightly increases. The tilt order parameter, ηcl , is slightly larger in thin films due to the
strong surface anchoring. However, the effects of the tilt angle’s profile predominates as the
film thickness is increased. It is assumed that the surface tilt amplitude ω0 is independent of the
surface anchoring W0, as it is related to the molecular structure and excluded-volume contribu-
tion. More specifically, there is no experimental evidence supporting the dependence of surface
tilt angle on the surrounding gas in free-standing films.

Figure 4.14: Thickness dependence of (a) order parameters in the central layer and (b) average order
parameter of free-standing smectic-C films: nematic (s - black circles), smectic (σ - red squares) and tilt
(η - blue diamonds) order parameters. The tilt angle of the central layer and its average tilt angle are also
shown (ω - green triangles). We consider strong surface anchoring: W0 = 2.50.
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Figure 4.15 illustrates the order parameters’ temperature dependence at the central layer for
different values of surface anchoring and film thickness. For a thin film with N = 7, a first or-
der Sm-C–N occurs in the weak anchoring regime, while the nematic order vanishes smoothly
with increasing temperature, as shown in figure 4.15(a). This result indicates the absence of the
nematic–isotropic transition, even for small values of anchoring strength. However, the transi-
tion to the nematic phase in practice leads to the film thinning or rupturing. For a thin film with
N = 7 and strong anchoring conditions, the first order Sm-C–N transition is replaced by a se-
quence of second order Sm-C–Sm-A and Sm-A–N transitions, occurring at higher temperatures
than observed in bulk systems [see figure 3.17], as shown in figure 4.15(b).
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Figure 4.15: Temperature dependence of order parameters at the central layer in smectic films with
different thicknesses and anchoring conditions: (a) N = 7 and W0 = 0.25, (b) N = 7 and W0 = 2.50, (c)
N = 25 and W0 = 0.25 and (d) N = 25 and W0 = 2.50. The grey areas represent the temperature regions
where a drastic reduction in the smectic order takes place, corresponding to an unstable film.
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For a thicker film (N = 25), a phase sequence similar to the bulk system is observed for even
a weak anchoring strength, as shown in figure 4.15(c). Nevertheless, a residual smectic order
parameter persists after the jump in Sm-A–N transition temperature for a 25-layer film under
strong anchoring, as shown in figure 4.15(d). In this case, the nematic phase presents a residual
smectic order, corresponding to a surface-induced smectic phase (si-Sm-A). A similar behaviour
is observed above the nematic–isotropic transition temperature, where a residual nematic order
is observed.
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V

ELECTRIC FIELD EFFECTS ON
N–SM-A–SM-C PHASE TRANSITIONS

The effects of external fields on molecular ordering in liquid crystalline systems are an active
research field [127–132] with major implications for developing new electro-optical devices
[133–138]. In particular, the interplay of geometric anisotropy and different functional groups
leads to anisotropic electromagnetic responses in thermotropic compounds [46, 139]. The sys-
tem’s molecular orientation depends on both the compound’s dielectric anisotropy and the ori-
entation of the applied external field, which in turn modifies the order parameters and liquid
crystalline sequence phases. For example, an external field can give rise to ordered phases
well above the nematic–isotropic and smectic–isotropic bulk transition temperatures [131, 132,
140]. Moreover, birefringence measurements close to the nematic–smectic–A transition tem-
perature have shown that strong electric fields suppress the nematic fluctuations in systems with
a positive dielectric anisotropy, causing the phase transition to cross from first to second or-
der [141]. Concerning molecular reorientation, Wen and Rosenblatt have identified a crossover
from a second to first order Fréedericksz transition in nematic liquid crystals with a negative
dielectric anisotropy in the presence of a spatially homogeneous external field [142]. From a
practical standpoint, external field induced director reorientation has proven crucial for devel-
oping fast response electro-optic modulators, switching devices and high-performance optical
filters [133–138].

External field effects in the smectic–C phase were first considered by Rapini [143], which fo-
cused on phase stability and director reorientation. The discovery of different electric responses
in the smectic-C phase, such as ferroelectricity [144–150] and antiferroelectricity [151], greatly
encouraged further study of smectic phases, particularly under the influence of an external field.
On the other hand, if the constituent molecules are chiral and possesses a permanent transversal
dipole, each layer in the smectic–C phase exhibits a spontaneous polarisation. The coupling
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between tilt angle and electric polarisation, which causes the spontaneous polarisation, can also
occur at the smectic–A phase at high temperatures as the electroclinic effect [152]. In a book-
shelf configuration, the director proportionally tilts perpendicular to the layers. Lee and Patel
[153] studied the behaviour of a field-induced tilt angle in a ferroelectric liquid crystal. They
observed that the molecular tilt crossed from a linear to a power law dependence with expo-
nent ν ∈ (1/3,1), near the Sm–A–Sm–C* transition, as seen in figure 5.1. The director field
can deform due to the director’s rotation around the normal to the smectic layers. As a result,
the layers in most electroclinic materials contract and therefore buckle [114]. The electroclinic
layer buckling can be observed in an optical microscope as periodic stripes and drastically re-
duces the high contrast ratio necessary for optical devices [154]. This effect has been considered
theoretically [155–157] and observed experimentally [157, 158].

Figure 5.1: (a) Induced tilt angle θ vs applied field E. (b) Induced tilt angle θ in the limit of low field E.
The cross, circle, triangle, and square symbols represent T = 26.2, 27.8, 30.0 and 35.0 ◦C, respectively.

(a) (b)

Source: Lee and Patel, 1989 [153].

The rich phenomenology of liquid crystal phase transitions under an external field have led
to several proposed models. Despite the numerous aforementioned macroscopic experimental
and theoretical studies of bulk smectic–C systems under external electric fields, a detailed mi-
croscopic approach is as yet lacking. We therefore investigate nematic–smectic–A–smectic–C

phase transitions by extending the mean-field theory for smectic–C liquid crystals under an
external electric field. The resulting effect on the thermal behaviour of the order parameters,
and the nature of the phase transitions is analysed for both positive and negative polarisability
anisotropies.
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5.1 Microscopic Model for Transitions of Smectogenic Sys-
tems in the Smectic-C Phase Under the Influence of an
Electric Field

A single component smectogenic system of rod-like molecules with a small or moderate trans-
verse dipole moment [89], presents a layer contraction in the tilted smectic phase. To char-
acterise the average molecular orientation inside the smectic layers, the relative orientation of
the director ~n (|~n| = 1) and the smectic wave vector ~q, represented by average tilt angle ω , as
shown in figure 5.2 are considered. ~q is assumed to be normal to the smectic layer plane (x− y

plane), with a magnitude depending on the layer spacing d (|~q|= 2π/d). For convenience, the
director~n is assumed as restricted to the z–x plane, defined as the tilt plane. The orientation of
the long molecular axis is defined by the polar and azimuthal angles θ and φ , respectively. ψ is
the relative angle between the long molecular axis~a and director~n.

Figure 5.2: Schematic representation of the smectic–C system, a Cartesian coordinate system whose
z-axis is normal to the smectic layer plane is used. The external electric field is applied along the z axis,
i.e. ~E = Eẑ.
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5.1.1 Our Model and Formalism

We consider a single-particle mean-field potential that extends McMillan’s model by including
a tilting term and an external electric field along the z-axis. The tilt direction is assumed to
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be constant for all smectic layers. Assuming that the liquid crystals molecules present a small
transverse dipole, we consider two contributions due to the electric field: a linear term associ-
ated with the field-transverse dipole interaction, Vdip = pE sinθ , and a dielectric term associated
with the molecular polarisability anisotropy, Vdie = −1

3∆αpE2P2 (cosθ). p is the dipolar mo-
ment and ∆αp is the molecular polarisability anisotropy. For calamitic molecules with a moder-
ate or strong transverse dipole (P > 5nC/cm2), the dipole-dipole interaction becomes relevant
and a single-particle mean-field potential is not suitable to describe phase transitions involving
such systems.

Aiming the analysis of electric field effects on phase transitions involving the smectic-C phase,
the contributions of electric field must be added to the interaction potential introduced in chapter
3. Thus, the interaction potential accounting for the effect of the electric field is written as:

V = − V0

{[
s+ασ cos

(
2πz
d

)]
P2 (cosψ)+αβησ

2 sin2θ cosφ −

− pE
V0

sinθ +
∆αpE2

3V0
P2 (cosθ)

}
. (5.1)

where V0 is an interaction energy that determines the bulk sample’s nematic-isotropic transition
temperature. P2(cosψ) is the second order Legendre polynomial. The model parameters are
α0 and β . The former is a geometric parameter related to the length of alkyl chains of rod-like
molecules, given by α0 = 2exp

[
−(πr0/d)2

]
, where r0 defines the characteristic length of the

molecular rigid portion. The latter parameter depends on the spatial arrangement and strength
of the dipoles in rod-like molecules.

A non-null average tilt contracts the layer spacing, as defined by d = d0 cosω , where d0 denotes
the layer spacing in the smectic-A phase. We therefore define the quantity α in terms of the
model parameter α0 to account for the layer contraction due to tilting, as:

α = 2
(

α0

2

)sec2 ω

. (5.2)

The orientation of the molecular long axis with respect to the director is represented by the angle
ψ which satisfies the relation cosψ = cosθ cosω + sinθ sinω sinφ . The order parameters s, σ

and η are defined by:
s = 〈P2(cosψ)〉, (5.3)

σ =

〈
P2(cosψ)cos

(
2πz
d

)〉
, (5.4)
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and
η = 〈sin2θ cosφ〉. (5.5)

Where the thermodynamic averages, 〈· · · 〉, are computed from the following one-particle distri-
bution function:

Z (z,θ ,φ) ∝ exp [−V/kBT ], (5.6)

kB is the Boltzmann constant and T is the temperature. The equilibrium order parameters are
solutions of self-consistent equations, found at extreme values of the following Helmholtz free
energy:

F
N0V0

=
1
2
(
s2 +ασ

2 +αβσ
2
η

2)+ 1
2

(
− pE

V0
〈sinθ〉+ ∆αE2

3V0
〈P2 (cosθ)〉

)
−

−kBT
V0

ln
(

1
2πd

∫ 1

−1
d cosθ

∫
π

0
dφ

∫ d

0
dzZ

)
, (5.7)

where, for ω = 0, s = 〈P2 (cosθ)〉.

The order parameters are numerically determined using the self-consistent equations for differ-
ent values of the tilt angle ω , and fixed values of T , α0 and β . The equilibrium configuration
corresponds to the Helmholtz free energy minimum with respect to ω . The solutions corre-
sponding to the different phases are

• s = σ = η = 0→ Isotropic;

• s 6= 0 and σ = η = 0→ Nematic;

• s 6= 0, σ 6= 0 and η = 0→ Smectic-A;

• s 6= 0, σ 6= 0 and η 6= 0→ Smectic-C.

The model parameters are henceforth α0 = 0.84 and β = 0.31 which gives a good representa-
tion of the nonchiral liquid-crystalline compound p-decyloxybenzoic acid p-n-hexyphenyl ester
(DOBHOP). This compound exhibits the following phase transition sequence: Sm–C - 77.5 -
Sm–A - 83.3 - N - 88.9 - Iso. We then have the following important parameters: transversal
dipole moment p = 1.16× 10−29 ·m, polarisability anisotropy |∆αp| = 2.03× 10−29 m3 and
characteristic potential V0 = kBTNI/0.2202 = 2.3×10−20 J [32].

Although this specific compound presents a negative polarisability, it is useful to analyse a
similar compound that presents an opposite polarisability. For that reason, we are going to
present the results for both polarisabilities: ∆α∗p =±|∆αp|.
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5.1.2 Results

Negative Polarisability

To investigate how the smectic–C order can be favoured by an electric field, we consider a
negative polarisability anisotropy (∆α∗p < 0). In fact, the negative polarisability anisotropy
favours the reorientation of calamitic molecules along the perpendicular direction to the external
field.

Figure 5.3: Helmholtz free energy as a function of the tilt angle ω for different values of applied electric
field: E = 0 kV/cm (solid black line), E = 4 kV/cm (dashed red line), E = 8 kV/cm (dotted blue line)
and E = 12 kV/cm (dashed-dotted green line). We use representative values of the model parameters
α0 = 0.84 and β = 0.31, ∆α∗p < 0 and fixed temperature T/TCA = 0.8.
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In order to characterise the stability of the smectic-C phase, we present the Helmholtz free
energy as a function of the average tilt angle for different values of external electric field, as
shown in figure 5.3. The temperature was fixed at T/TCA = 0.8, where TCA is the temperature
at which the Sm–C order disappears in the absence of an external field. To aid visualisation,
the free energy axis is normalised to F0, corresponding to the absolute value of Helmholtz free
energy for ω = 0. For E = 0, we observe that the Helmholtz free energy presents a minimum at
non-null value of tilt angle, confirming that the smectic-C phase corresponds to the equilibrium
phase at T/TCA = 0.8. As the external electric field is raised, we notice that the energy mini-
mum becomes more pronounced, taking place at higher values of the tilt angle. Such a result
indicates that the electric field favours the tilt ordering inside the smectic layers, thus increas-
ing the stability of the smectic-C. In particular, molecules presenting a negative polarisability
tend to align themselves perpendicular to the external field, similar to the contribution of field-
transverse dipole interaction. As a consequence, a gradual increase of the tilt angle is expected
as field amplitude is enhanced, for T < TCA.
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Figure 5.4 shows the temperature dependence of s, σ and η order parameters, for different
electric fields. Figure 5.4(a) shows the bulk order parameters, without an external electric field,
presenting a second order Sm–C–Sm–A phase transition, followed by first-order Sm–A–N and
N–Iso phase transitions. We note that even for a small electric field the isotropic phase is
suppressed, giving rise to a field-induced nematic phase, with negative orientational order pa-
rameter, as shown in figure 5.4(b). Additionally, the temperature-range of the Sm–A phase
is reduced, while the Sm–C phase is favoured by the external field. Figure 5.4(c) shows a
small-range Sm–A phase followed by a first-order Sm–A–fi-N phase transition, completely sup-
pressing the nematic phase with positive order parameter. Moreover, we notice a pronounced
increase in the transition discontinuity between conventional and field-induced nematic phases.
We also verify a gradual increase in the Sm-A-Sm-C transition temperature as the electric field
is enhanced, being accompanied by a raise in the tilt order parameter increases at T < TCA. Suf-
ficiently strong electric fields induce a first order Sm–C–fi-N phase transition, where the Sm–A

phase is completely suppressed, as seen in figure 5.4(d).

Figure 5.4: Variation of the orientational s, translational σ , and tilt η order parameters as a function of
the reduced temperature for ∆α∗p < 0 and different values of electric field: (a) E = 0 kV/cm, (b) E = 4
kV/cm, (c) E = 12 kV/cm and (d) E = 16 kV/cm.

Source: Author, 2021.

The temperature dependence of tilt angle for different values of electric field was analysed
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to characterise the electric field’s effects on the phase transitions, shown in figure 5.5. For
convenience, we rescaled the temperature by TC, corresponding to the temperature at which
the η order parameter vanishes. For T < TC, we observe that the tilt angle increases with the
electric field. Additionally, the continuous decay of the tilt angle is replaced by a jump at T =

TC, which suggests that sufficiently strong electric fields affect the nature of phase transitions
involving the smectic–C phase, even though the model parameters are kept constant. Since we
are considering a negative polarisability, this result is in agreement with experimental studies,
given that sufficiently strong electric fields suppresses the Sm–A phase [114, 141, 152–154].

Figure 5.5: Variation of the tilt angle ω as a function of the reduced temperature, which is normalised by
the temperature at which the η order parameter vanishes, for ∆α∗p < 0 and different electric field values:
E = 0 kV/cm (solid black line), E = 8 kV/cm (dashed red line), E = 12 kV/cm (dotted blue line) and
E = 16 kV/cm (dashed-dotted green line).
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In figure 5.6, we present the variation of the tilt angle ω as a function of the electric field,
for different values of temperature. In figure 5.6(a), for T < TCA, which corresponds to the
temperature at which the η order parameter vanishes, we observe an monotonic increase of
tilt angle under the influence of an external electric field, reflecting the increase in the order
parameter η . More specifically, an almost quadratic growth with the applied field is observed,
indicating that the contribution associated with the anisotropy in polarisability predominates
over the contribution of the transverse dipole. This behaviour persists at temperatures where
the smectic-C phase is well established. As the temperature approaches TCA, ω saturates at a
maximum value as the field strength increases. This is due to the fact that the second-order
Sm-A-Sm-C transition is suppressed at high fields when T → TCA, giving way to the Sm-C-N
transition, as shown in figure 5.4(d).

The dependence of the tilt angle on the external field exhibits a distinct behaviour when T > TCA.
In particular, the tilt angle remains null until the electric field reaches a threshold value due to
the competition between thermal and field effects. This is associated with the molecule’s small
dipole moment, requiring a stronger electric field to overcome the thermal effects and thus
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induce tilting. For increasing field strength, the tilt angle is favoured up to a certain point.
When approaching the smectic–C–nematic phase transition, there is a continuous reduction on
the tilt angle, thus representing a reentrant-like behaviour.

Figure 5.6: Variation of the tilt angle ω as a function of the electric field, for different temperatures,
with ∆α∗p < 0. Temperatures (a) below TCA and (b) above TCA.

0 2 4 6 8 10 12 14 16
0.00

0.04

0.08

0.12

0.16

0.20

0.24

0.28

ω
 (

ra
d
)

0 2 4 6 8 10 12 14 16

E (kV/cm)

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

ω
 (

ra
d
)

(a)

(b)

Source: Author, 2021.

Figure 5.7 presents the phase diagram of temperature versus the applied electric field. The
temperature is rescaled by the nematic–isotropic transition temperature, TNI . For low fields, a
second-order Sm–C–Sm–A, followed by a Sm–A–N phase transition is present. As the applied
field increases, the Sm–A phase is suppressed, due to the reduction in the Sm–A–N and the
increase in the Sm–C–Sm–A transition temperatures. Additionally, the representation range of
the nematic phase induced by the external field increases. For E = 15 kV/cm, a second-order
Sm–C–Sm–A phase transition is present, while a first-order Sm–C–fi–N phase transition only
takes place for E > 15 kV/cm. This indicates that E = 15 kV/cm is a critical end point, which
corresponds to where the line of continuous Sm–C–Sm–A transition encounters the coexistence
line between the Sm–C and the nematic phase.
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Figure 5.7: Phase diagram of the reduced temperature as a function of the applied electric field for
∆α∗p < 0. The dashed line represents a second order phase transition, and the filled line describes a first
order phase transition.
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Positive Polarisability

Now, we consider a positive polarisability anisotropy (∆α∗p > 0). In this configuration, we
have opposite contributions associated with the external field: (i) the positive polarisability
anisotropy favours molecular alignment along the external field; (ii) the field-dipole interaction
tends to reorient molecules perpendicular to the electric field. Such opposite trends may lead to
different scenarios for transitions involving the smectic-C.

Figure 5.8 presents the variation of the tilt angle ω as a function of electric field, for different
temperatures. We note that, differently than for the case of negative polarisability anisotropy,
the tilt angle ω decreases under the influence of an external field for a given temperature, with a
reduction of its maximum value when the applied electric field increases. This happens because
the molecules’ major axis tend to align parallel to the field, since the contribution associated
with the polarisability anisotropy overcomes the contribution of the transverse dipole.

Figure 5.9 shows the temperature dependence of s, σ and η order parameters, for different val-
ues of the electric field strength. For E = 4 kV/cm (figure 5.9(b)), the electric field suppresses
the isotropic phase, giving rise to an field-induced nematic phase. Additionally, the temperature-
range of the smectic–C phase reduces, while the smectic–A phase is favoured by the external
field. For increasing field strength, we notice a reduction in the nematic-isotropic transition dis-
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Figure 5.8: Variation of the tilt angle ω as a function of the electric field, for ∆α∗p > 0 and different
temperatures: T/TNI = 0.80 (solid black line), T/TNI = 0.81 (dashed red line), T/TNI = 0.82 (dotted
blue line) and T/TNI = 0.85 (dashed-dotted green line).
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Figure 5.9: Variation of the orientational s, translational σ , and tilt η order parameters as a function of
the reduced temperature for ∆α∗p > 0 and different values of electric field: (a) E = 0 kV/cm, (b) E = 4
kV/cm, (c) E = 6 kV/cm and (d) E = 8 kV/cm.

Source: Author, 2021.
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continuity (figure 5.9(c)). In this case, the nature of the Sm–C–Sm–A and Sm–A–N transitions
remain the same, as second and first order transitions, respectively. For a sufficiently high field
strength (figure 5.9(d)), the discontinuity in the orientational order parameter disappears, due to
the suppression of the liquid isotropic phase. Moreover, we can see that the tilt angle assumed
by the smectic–C phase decreases as the electric field increase, contrary to the behaviour for
∆α∗p < 0.

Finally, figure 5.10 presents the phase diagram for ∆α∗p > 0. We note that the smectic–A phase
is favoured, while the smectic–C phase is suppressed with increasing field strength. Under the
influence of an external electric field, a residual nematic phase appears, favouring the phase for
increasing field, while suppressing the isotropic phase. However, the liquid isotropic phase is
present for low field strengths. The phase diagram permits the characterisation of the phase tran-
sitions, where a second-order smectic-C–smectic-A phase transition and a first-order smectic-
A–nematic phase transition is present for all values of the external electric field strength.

Figure 5.10: Phase diagram of the reduced temperature as a function of the applied electric field for
∆α∗p > 0. The dashed line represents a second order transition, and the filled line represents the first
order transition.
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VI

CONCLUDING REMARKS AND
PERSPECTIVES

This thesis investigated surface and finite size effects in freely suspended films and electric field
effects in the bulk of smectogenic systems presenting the smectic-C phase.

Initially, a review of existing models describing bulk phase transitions involving nematic, smectic-
A and smectic-C phases was given. The model proposed by Govind and Madhusudana was
shown to be a satisfactory extension of the well-established Maier-Saupe and McMillan models
for the nematic and smectic-A phases. While it satisfactorily describes transitions involving the
smectic-C phase, the need for an extra parameter to include an excluded volume contribution
makes the model more computationally demanding, especially for studying surface and external
field effects.

Phase transitions in bulk systems presenting a smectic-C phase were studied using a single-
particle mean-field potential similar to that introduced by Govind and Madhusudana. The phase
diagrams of smectogenic compounds with a small transverse dipole can be reasonably described
when the tilt-induced contraction of smectic layers is considered. This approach eliminates the
need to introduce an additional excluded-volume contribution to stabilise the smectic-A phase,
thus reducing the model’s free parameters.

Varying the model parameter associated with the transverse dipoles in rod-like molecules led to
a rich variety of phase diagrams. In particular, a NAC critical end point was identified which
corresponds to where the line of continuous transition between the smectic-C and smectic-A
phases encounters the coexistence line between the smectic-C and the nematic phases. More-
over, the triple point marking the coexistence of nematic, smectic-A and isotropic phases was
determined. Finally, the NA tricritical point (already predicted by McMillan) and the NAC crit-
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ical end point were observed to merge with increasing β , giving rise to a NC tricritical point,
delimiting the regions of continuous and discontinuous smectic-C–nematic transitions. Despite
not being explicitly calculated, the existence of a multicritical point in the phase diagrams of
compounds with short alkyl chains and large transverse dipole moment could, in principle, be
predicted.

The previous model was extended to study phase transitions in free-standing films present-
ing a smectic-C phase. Our results showed that the interplay of finite size effects and surface
anchoring conditions affects the phase diagrams of thin films. A discrete version of the single-
particle mean-field potential as well as a tilt angle profile induced by the surface ordering were
considered. The profiles of order parameters of free-standing films were computed under dif-
ferent anchoring regimes. Surface effects were observed to stabilise the tilt order parameter
in outermost layers of films above the bulk smectic-C–smectic-A transition temperature. As a
consequence, surface layers may remain in the smectic-C phase, while the central layers un-
dergo a smectic-C–smectic-A transition. Such coexisting smectic-C and smectic-A phases in
free-standing films have been reported in previous experimental studies [81, 116]. Our results
were published on August 19, 2020, in Physical Review E 102, 022702. A copy of the article
can be found in appendix A.

The model for bulk phase transitions was extended by a collaborative work analysing the effects
of applying external fields. For this, an electric field contribution must be added to the interac-
tion potential, which is composed of two terms: A linear term, Vdip = pE sinθ , and a dielectric
term, Vdie = −1

3∆αpE2P2(cosθ), where p is the dipole moment and ∆αp is the molecular po-
larisability anisotropy. This work is in the final stages of writing for submission to a journal yet
to be decided (a preliminary version can be found in appendix B). The results obtained encour-
age the further study of external field effects in smectic-C free-standing films by including the
electric field term in the discrete interaction potential introduced in this thesis.

As previously stated, free-standing smectic films are very suitable for determining the surface
properties of liquid crystals. In particular, surface tension is the main contributing factor as
it is responsible for the film’s stability. It restricts fluctuations in the smectic order on the
film’s surface, enabling the production of free-standing films of up to thousands of molecular
layers. Therefore, it is interesting to investigate its dependence on the film’s thickness and
temperature, especially near phase transitions. Experiments have previously established that
surface tension depends very little on film thickness. However, the thickness of thin films
may become important when phase sequences or transition temperatures change with respect
to the bulk phase. The surface tension’s thermal and film thickness dependence is given by:
γ = γiso +∑

N
I=1 fi− fb, where fi and fb are the free energy per unit area of the ith layer and

bulk respectively, and γiso is the isotropic surface tension contribution. This work is in its
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initial phase, with the potential of experimental collaboration to enable qualitative comparisons
between theoretical and experimental results for different phase transition sequences.

The study of the film’s surface tension under an external electric field is also of great scientific
interest. The order imposed by the surface tension and by the external field results in the ex-
istence of a characteristic thickness, where a crossover from surface-induced to field-induced
ordering is observed.

We hope that the results presented here will stimulate further investigations and experimental
efforts aiming to probe the rich scenarios predicted by the extended version of the molecular
theory for smectic-C free-standing films.
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The present study is devoted to the investigation of surface anchoring and finite-size effects on nematic–
smectic-A–smectic-C (N−Sm-A−Sm-C) phase transitions in free-standing films. Using an extended version
of the molecular theory for smectic-C liquid crystals, we analyze how surface anchoring and film thickness
affect the thermal behavior of the order parameters in free-standing smectic films. In particular, we determine
how the transition temperature depends on the surface ordering and film thickness. We show that the additional
orientational order imposed by the surface anchoring may lead to a stabilization of order parameters in central
layers, thus modifying the nature of the phase transitions. We compare our results with experimental findings for
typical thermotropic compounds presenting a N−Sm-A−Sm-C phase sequence.
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I. INTRODUCTION

The comprehension of phase transitions involving smectic
liquid crystals is a long standing issue. In these systems, a
very rich phenomenology can be observed due to the interplay
of anisotropic critical behavior [1,2], surface ordering [3–5],
finite-size effects [6,7], and external fields [8–10]. In particu-
lar, smectic samples have a unique ability of forming freely
suspended films, also termed as free-standing films, which
correspond to a stack of smectic layers confined in a surround-
ing gas [11]. Due to the absence of a solid substrate, the equi-
librium configuration is determined by the film holder, with
the surface tension reducing the thermal fluctuations at the
film surface [12]. In fact, surface anchoring conditions at the
gas/film interface can lead to the stabilization of the smectic
ordering even above the bulk transition temperatures [13]. As
a consequence, a large variety of unusual physical phenomena
can be observed in free-standing smectic films, such as layer
thinning and thickening transitions [14–16], anomalies on the
specific heat [2,17,18], thickness dependence of the transition
temperature [6], as well as surface-induced biaxiliaty [5].
Since the film thickness can vary from a few nanometers to
several micrometers, free-standing films constitute a suitable
experimental setup for understanding how changes in the
system dimensionality affect the thermodynamic behavior of
the smectic phase [13,19].

Over the past decades, a remarkable amount of interest
has been devoted to phase transitions involving smectic liquid
crystals with a tilted molecular alignment [2,7,17,18,20–25].
Different experimental techniques have been employed to
determine the nature of smectic-C−smectic-A (Sm-C−Sm-A)
and smectic-C−nematic (Sm-C−N) phase transitions [17,20–
23,26–29]. In rodlike compounds presenting a small or mod-
erate transverse dipole moment (P � 20 nC/cm2), it has
been verified that the Sm-C−Sm-A phase transition has a
second-order character [20,22], while the Sm-C−N phase

transition exhibits a first-order behavior with a small latent
heat [20]. Moreover, the analysis of heat-capacity measure-
ments in several compounds revealed that the temperature
range of the Sm-A phase plays an important role to the
behavior of continuous Sm-C−Sm-A phase transition [26],
delimiting the crossover between the mean-field tricritical
and the ordinary mean-field character of this transition [17].
However, a first-order Sm-C−Sm-A phase transition has been
reported in smectogenic compounds presenting a large trans-
verse dipole moment (P > 50 nC/cm2) [27], with a large
Sm-A temperature range [17]. Besides, a nematic–smectic-
A–smectic-C (N−Sm-A−Sm-C) multicritical point has been
reported in binary liquid-crystal mixtures [30], as well as in
single component systems under high pressures [23].

Motivated by the rich phenomenology observed in the
experimental results, several theoretical studies have been per-
formed to better describe transitions involving Sm-C liquid-
crystal phase [31–38]. In fact, a large variety of micro-
scopic models have been introduced to characterize inter-
molecular interactions in smectogenic systems. Assuming a
bilinear mean-field potential for the tilt angle distribution,
Gieβelman and Zugenmeier provided an equation of state
for the Sm-C phase [32], consisting in a Langevin function
of the reduced tilt angle and the reduced temperature. De-
spite the good description of the temperature dependence
of tilt angle, such an oversimplified model cannot repro-
duce the variety of experimental phase diagrams. Consider-
ing a system of rodlike molecules with a perfect orienta-
tional order, van deer Meer and Vertogen analyzed how a
dipole-induced interaction leads to the emergence of a tilted
smectic phase [39], in which the Sm-C−Sm-A transition
does not correspond to the usual order-disorder type. Based
on molecular interactions between rodlike molecules with
off-axis dipoles, Govind and Madhusudana have developed
a modified version of McMillan’s model for Sm-A–N-Iso
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systems, being successful in the description of experimental
phase diagrams presenting the Sm-C phase [33,34]. However,
such a model requires the introduction of an excluded-volume
contribution to stabilize the Sm-A phase, thus leading to
a large number of free parameters. Using a complete set
of orientational- and translational-order parameters, recent
studies have introduced different pair-interaction potentials
for polar and nonpolar molecules, to reproduce phase di-
agrams containing conventional or “de Vries-type” Sm-C
phases [36,37,40–42]. Nevertheless, the use of a complete
set of order parameters implies a large number of free pa-
rameters in these molecular models, making difficult their
comparison with the typical characteristic of liquid-crystalline
compounds.

Tilting transitions in free-standing smectic films may ex-
hibit a distinct behavior in relation to those observed in
bulk systems [7,21,24,27,43–46]. In fact, surface anchoring
conditions and finite size effects tend to affect the thermal
behavior of orientational- and translational-order parame-
ters in thin free-standing smectic films. From monitoring
the transmittance of such systems close to a second-order
Sm-C−Sm-A phase transition, an unusual thickness depen-
dence has been reported for the thermal behavior of the
average tilt angle [21], with the transition temperature in
thin films being higher than that of a bulk system. Optical
ellipsometry measurements have revealed that a finite aver-
age tilt may remain in the surface layers of free-standing
films, well above the bulk transition temperature [27]. Such
a scenario has been supported by electron diffraction mea-
surements in thin film [24], where a surface-induced phase
sequence is identified. Moreover, surface-effects may lead
to changes in the nature of Sm-C−Sm-A phase transition
[27,46], especially in films with a few layers. For compounds
presenting a first-order Sm-C−Sm-A bulk phase transition,
the discontinuous jump in the tilt angle is replaced by a
continuous behavior at the transition temperature, when the
film thickness is lower than a characteristic thickness [27,46].
Furthermore, surface anchoring and finite size effects give
rise to a nonuniform tilt profile in free-standing Sm-C films
[45], with the outermost layers being more tilted than the
inner layers. In chiral smectic samples, a series of dis-
crete transitions has been reported [7], where a reentrant
synclinic-anticlinic-synclinic ordering sequence takes place
at the surface film in the presence of an external electric
field.

Although several studies have been devoted to the the-
oretical description of phase transitions in bulk Sm-C sys-
tems, microscopic models for free-standing films have not
been exploited so far. In the present study, we investigate
N−Sm-A−Sm-C phase transitions by using an extended ver-
sion of the mean-field theory for Sm-C liquid crystals. We
analyze how the interplay of surface anchoring and finite size
effects affect the thermal behavior of the order parameters in
free-standing smectic films. In particular, we show that the
additional orientational order imposed by the surface anchor-
ing may lead to a stabilization of order parameters in central
layers, thus modifying the nature of the phase transitions. We
compare our results with experimental findings for typical
thermotropic compounds presenting a N−Sm-A−Sm-C phase
sequence.

FIG. 1. (a) Schematic representation of the long molecular axis
�a in the Sm-C phase, for a Cartesian coordinate system with the z
axis being normal to the smectic layer plane. For convenience, we
assume that the director �n is restricted to the z-x plane, defined as
the tilt plane. Here, the vector �c corresponds to the projection of the
director in the x axis, while ω represents the tilt angle of the director
�n in relation to the smectic wave vector �q. The orientation of the long
molecular axis is defined by polar and azimuthal angles θ and φ,
respectively. ψ is the relative angle between the long molecular axis
�a and director �n. (b) Representation of the layer contraction induced
by the molecular tilt, with d0 being the layer spacing in the Sm-A
phase.

II. MICROSCOPIC MODEL FOR BULK TRANSITIONS

We investigate a single component smectogenic system
of rodlike molecules with a small or moderate transverse
dipole moment [34], which presents a layer contraction in the
tilted smectic phase. To characterize the average molecular
orientation inside the smectic layers, we consider the relative
orientation of the director �n (|�n| = 1) and the smectic wave
vector �q, which is represented by average tilt angle ω, as
shown in Fig. 1(a), where �q is assumed to be normal to the
smectic layer plane (x-y plane), with a magnitude depending
on the layer spacing d (| �q| = 2π/d). Moreover, we assume
that the director �n is fixed at the z-x plane for convenience.
Considering the Cartesian coordinate system where the z axis
is parallel to �q, the orientation of the molecular long axis �a
is defined in terms of polar and azimuthal angles θ and φ,
respectively. Besides, the orientation of molecular long axis
in relation to the director is represented by the angle ψ , which
satisfies the relation

cos ψ = cos θ cos ω + sin θ sin ω sin φ. (1)

In what follows, we assume that the average tilt direction is
the same for all smectic layers and the molecular centers are
randomly distributed inside the smectic layers. Furthermore,
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we consider that a nonnull average tilt leads to a contraction
of the layer spacing, being defined by d = d0 cos ω, with d0

denoting the layer spacing in the Sm-A phase, as represented
in Fig. 1(b).

Using Govind and Madhusudana’s approach [33,34], we
consider a single-particle mean-field potential that corre-
sponds to an extension of McMillan’s model with the inclu-
sion of a tilting term, written as

V = − V0

{[
s + ασ cos

(
2πz

d

)]
P2(cos ψ )

+ αβσ 2η sin 2θ cos φ

}
. (2)

In Eq. (2), V0 is a typical interaction energy that determines the
scale of the nematic-isotropic transition temperature of bulk
sample; P2(cos ψ ) is the second-order Legendre polynomial,
with ψ being the angle between the molecular long axis
and the director �n; s, σ and η are orientational, translational
and tilt-order parameters, respectively, and β is a constant
associated with the geometrical arrangement and amplitude
of the dipoles in rodlike molecules. The quantity α is given by

α = 2

(
α0

2

)sec2 ω

, (3)

in which α0 is the geometric parameter related to the length
of alkyl chains of rodlike molecules, through the expression
α0 = 2 exp [−(πr0/d )2], with r0 being a characteristic length
associated with the molecular rigid part.

The order parameters s, σ, and η are defined by

s = 〈P2(cos ψ )〉, (4)

σ = 〈P2(cos ψ ) cos(2πz/d )〉, (5)

and

η = 〈sin(2θ ) cos φ〉. (6)

The thermodynamical averages, 〈· · · 〉, are computed from
the one-particle distribution function, that is,

Z (z, θ, φ) ∝ exp [−V/kBT ], (7)

in which kB is the Boltzmann constant and T is the temper-
ature. The equilibrium order parameters are solutions of the
self-consistent equations, corresponding to the extreme values
of the Helmholtz free energy, given by

F

N0V0
= 1

2
(s2 + ασ 2 + αβσ 2η2)

− kBT

V0
ln

[
1

2πd

∫ 1

−1
d cos(θ )

∫ π

0
dφ

∫ d

0
dzZ

]
, (8)

where N0 is the number of molecules. The equilibrium state
is determined from the global minimum of the Helmholtz free
energy. The solutions corresponding to the different phases
are

(1) s = σ = η = 0 → Isotropic;
(2) s �= 0 and σ = η = 0 → Nematic;
(3) s �= 0, σ �= 0 and η = 0 → Sm-A;
(4) s �= 0, σ �= 0 and η �= 0 → Sm-C.
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FIG. 2. (a) Helmholtz free energy as a function of the tilt angle
ω, at the vicinity of the Sm-C−Sm-A transition temperature, TCA.
We use representative values of the model parameters: α0 = 0.85
and β = 0.33. Notice that a nonnull tilt angle corresponds to a
minimum of the Helmholtz free energy for T < TCA. (b) Temperature
dependence of tilt, η, translational, σ , and orientational, s, order
parameters for α0 = 0.85 and β = 0.33. We observe that η decays
continuously as the system temperature is increased, while σ and s
stay finite, signaling a second-order Sm-C−Sm-A phase transition.

In the present model, the order parameters are numerically
determined using the self-consistent equations for different
values of the tilt angle ω, for fixed values of T , α0, and β. The
equilibrium configuration is determined from the minimum
value of the Helmholtz free energy with respect to ω.

In Fig. 2(a), we present the Helmholtz free energy as
a function of the average tilt angle, at the vicinity of the
Sm-C−Sm-A transition temperature, TCA. We consider as
representative values of the model parameters α0 = 0.85 and
β = 0.33. For T > TCA, we notice that the null tilt angle
corresponds to the only minimum of the Helmholtz free
energy, which excludes the possibility of a coexistence of
Sm-C and Sm-A phases at T = TCA. Such a scenario is
typical of a second-order phase transition, where the energy
minimum in the disordered phase becomes a local maximum
in the ordered one. In fact, a nonnull value of the tilt angle
becomes the minimum of the Helmholtz free energy when
T < TCA. In Fig. 2(b), we show the temperature dependence
of s, σ and η order parameters. The system temperature
is normalized by the nematic-isotropic transition tempera-
ture, TNI = 0.2202V0/kB. The tilt-order parameter η decays
continuously as the system temperature is raised, while the
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FIG. 3. The tilt angle as a function of T/TC for β = 0.33 and
three representative values of the geometric parameter α0: α0 = 0.75
(black solid line), α0 = 0.85 (red dashed line), and α0 = 0.98 (blue
dotted line), where TC represents the temperature where η order
parameter vanishes. Notice that the continuous decay of the tilt
angle is replaced by a discontinuous behavior as the parameter α0

is increased.

orientational- and translational-order parameters stay finite,
characterizing a second-order Sm-C−Sm-A phase transition
at T/TNI = 0.902. For η = 0, the single-particle potential is
reduced to that of McMillan’s model, which predicts that a
first-order Sm-A–N phase transition takes place for α0 > 0.70.
We notice that the translational-order parameter σ develops a
discontinuity at T/TNI = 0.941, which is accompanied by an
abrupt reduction of the orientational order parameter s, signal-
ing a first-order Sm-A–N phase transition. Moreover, we can
use TCA/TNI and TAN/TNI ratios to compare the present results
with experimental findings for smectogenic compounds with
a small transverse dipole moment. We recall that the nonchi-
ral liquid-crystalline compound p-decyloxybenzoic acid p-n-
hexyphenyl ester (DOBHOP) exhibits a second-order Sm-
C−Sm-A phase transition, followed by a first-order Sm-A–N
phase transition, with TCA/TNI = 0.872 and TAN/TNI = 0.937
[47]. As the DOBHOP molecules present a small transverse
dipole moment (P ≈ 4 nC/cm2) [48], the present results
indicate that the single-particle molecular potential of Eq. (2)
provides a reasonable description of the phase sequence of
DOBHOP compound, with α0 = 0.85 and β = 0.33.

To characterize the effects of molecular structure on the
tilt behavior of Sm-C phase, we analyze the temperature
dependence of tilt angle for β = 0.33 and distinct values
of the parameter α0, as shown in Fig. 3. For the sake of
convenience, the system temperature was rescaled by TC ,
which corresponds to the temperature at which the η order
parameter vanishes. As the parameter α0 is increased, we
observe that the continuous decay of the tilt angle is replaced
by a discontinuous jump at T = TC . Such a behavior suggests
that the value of the parameter α0 affects the nature of the
phase transitions involving Sm-C phase, even though β is
kept constant. Since α0 is associated with the length of alkyl-
chain in rodlike molecules, this result is in agreement with
experimental findings for different homologous series [20,49],
where the molecular rigid part is kept constant and the length
of alkyl-chain is varied. For T < TC , we notice that the tilt
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FIG. 4. The phase diagram in the reduced temperature vs α0

plane for different values of the parameter β. (a) β = 0.30, (b)
β = 0.33, (c) β = 0.40, and (d) β = 0.70. Solid (dotted) lines corre-
sponds to first-order (second-order) transitions. As the parameter β

increases, the Sm-A phase disappears.

angle is favored as the value of the parameter α0 is raised,
with the layer contraction becoming more pronounced.

In Fig. 4, we present the phase diagrams, temperature
versus the parameter α0, considering different values for
the parameter β. The temperature is rescaled by nematic-
isotropic transition temperature, TNI . For β = 0.30, we ob-
serve a second-order Sm-C−Sm-A phase transition for α0 <

1.01, while a first-order Sm-C−Iso phase transition takes
place for α0 > 1.01, as shown in Fig. 4(a). This indicates
that α0 = 1.01 is a critical end point, which corresponds
to the position where the line of continuous Sm-C−Sm-A
transition encounters the coexistence line between the Sm-C
and the isotropic phase. Similar to McMillan’s model [50],
we observe a tricritical point at α0 = 0.70, delimiting the
regions of continuous and discontinuous Sm-A–N transitions.
Moreover, one can note the triple point at α0 = 0.98, which
determines the coexistence of nematic, Sm-A and isotropic
phases. This phase behavior is in agreement with experimen-
tal findings for terephthal-bis-(4n)-alkylaniline (TBnA) [20]
and 2-(4-alkyloxyphenyl)-5-alkyloxypyrimidines (PhPn) [49]
homologous series. In Fig. 4(b), we show the T -α0 phase
diagram for β = 0.33, where a critical end point is observed
for α0 = 0.96. However, the line of continuous Sm-C−Sm-A
transition reaches the coexistence line of discontinuous Sm-
A–N transition, thus corresponding to a N−Sm-A−Sm-C
critical end point. A similar scenario is observed for β =
0.40, as presented in Fig. 4(c). It is remarkable that the
N−Sm-A−Sm-C critical end point is displaced to lower
values of α0 as β is increased, which is accompanied by a
reduction in the Sm-A temperature range. For β = 0.70, the
Sm-A phase is suppressed and a tricritical point at α0 = 0.70
delimits the regions of continuous and discontinuous Sm-
C−N transitions, as shown in Fig. 4(d). We notice that the
NA tricritical point and the N−Sm-A−Sm-C critical end point
tend to merge as the parameter β is increased, thus giving
rise to a NC tricritical point. It is important to emphasize that
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the Sm-A phase is stabilized by the layer contraction, without
the need to introduce an excluded-volume contribution, as
suggested by Govind and Madhusudana [33,34]. In this case,
the single-particle mean-field potential introduced in Eq. (2)
captures the main features of the phase transitions involving
Sm-C phase, with a reduced number of free parameters.

III. EXTENDED MOLECULAR MODEL
FOR FREE-STANDING FILMS

Let us now describe phase transitions in free-standing
Sm-C films. We consider an extended version of McMillan-
Mirantsev’s model [51], by inserting the effective tilting po-
tential. We assume a stratified film with N discrete layers,
where each layer has its own set of orientational, si, transla-
tional, σi, and tilt, ηi, order parameters. Considering the layer
located at the position zi and the molecular orientation defined
by polar and azimuthal angles, θi and φi, respectively, the
effective one-particle mean-field potential can be written as

Vi = −V0
{
P2(cos ψi )[si + αiσ i cos (2πzi/di )]

+αiβσ 2
i ηi sin(2θi ) cos φi

}
, (9)

in which αi = 2(α0/2)sec2 ωi , di = d0 cos ωi, and ωi is the tilt
angle in the ith layer, satisfying the angular relation cos ψi =
cos θi cos ωi + sin θi sin ωi sin φi. In addition, si, σ i, and ηi
are the average order parameters in ith layer and its two
neighboring layers, being given by

si = (1 − δi−1,0)si−1 + si + (1 − δi+1,N+1)si+1

3

+ W0(δi,1 + δi,N )

V0
, (10)

σ i = (1 − δi−1,0)σi−1 + σi + (1 − δi+1,N+1)σi+1

3
, (11)

and

ηi = (1 − δi−1,0)ηi−1 + ηi + (1 − δi+1,N+1)ηi+1

3
, (12)

with i = 1, 2, . . . , N , and δi j is the Kronecker’s δ. In this
approach, the surface anchoring is represented by a surface
orientational field of strength W0. For free-standing Sm-C
film, we assume that the surface ordering gives rise to a tilt
angle profile as follows [52]:

ωi = ωB + (ωS − ωB) cosh [d0(2i − N − 1)/2ξ ]

cosh [d0(N − 1)/2ξ ]
, (13)

where ωB is the bulk tilt angle and ωS is the tilt angle in
outermost layers. ξ is the surface penetration length, which
delimits the range of anchoring effects on the tilt ordering
along the film. As we consider a short-range surface contri-
bution in the one-particle mean-field potential, we assume
ξ = 2d0. In fact, previous studies reported that the surface
penetration length is of the order of the average smectic layer
spacing d0 [45,53,54], not exceeding a few molecular layers.
It is important to highlight that the tilt angle profile defined
by Eq. (13) was introduced by Tweet and co-workers [52],
using a simple phenomenological elastic model. However, ex-
perimental results indicate that the tilt angle disappears before
the layered structure is disrupted when the film temperature is

increased [21,55,56]. To provide a better description of free-
standing Sm-C films, we consider that the surface tilt angle
presents a typical temperature dependence of a mean-field
model, that is,

ωS = ω0

(
TAN − T

TAN − TCA

) 1
2

. (14)

In Eq. (14), TCA and TAN are the bulk Sm-C−Sm-A and Sm-
A–N transition temperatures, respectively. In this model, ωS

vanishes as the smectic order is reduced. In what follows, we
use ω0 = 0.26 (∼15◦).

The local order parameters si, σi, and ηi are defined as the
thermodynamical averages

si = 〈P2(cos ψi )〉, (15)

σi = 〈P2(cos ψi ) cos(2πzi/di )〉, (16)

and

ηi = 〈sin(2θi ) cos φi〉, (17)

being computed from the one-particle distribution function in
the ith smectic layer, that is,

Zi ∝ exp [−Vi/kBT ]. (18)

The total Helmholtz free energy is then given by

F

N0V0
=

N∑
i=1

Fi, (19)

with

Fi = 1

2
(sisi + αiσiσ i + αiβσ 2

i ηiηi )

− kBT

V0
ln

[
1

2πdi

∫ 1

−1
d cos(θi )

∫ π

0
dφi

∫ idi

(i−1)di−1

dziZi

]
.

(20)

From this model, we can compute the profile of the order
parameters for different sets of free parameters in the single-
particle mean-field potential: α0, β, and W0. Indeed, we use
the tilt angle profile defined in Eq. (13) to obtain the actual
profiles of order parameters that minimize the Helmholtz free
energy, thus yielding the equilibrium configuration of the
system. It is important to highlight that the tilt angle profile
of Eq. (13) has been widely used in several experimental
studies, leading to a reasonable description of the thermal
and hydrodynamic properties of free-standing Sm-C films
[28,52,55].

In combination with Eq. (14), we use the bulk values of ωB

to compute the tilt angle profile for distinct film temperatures,
as shown in Fig. 5. We consider N = 15, ω0 = 0.26, α0 =
0.85, and β = 0.33. We observe that Eq. (13) provides a tilt
profile with a positive curvature, where the outermost layers
present tilt angles larger than the internal ones. For T > TCA,
a pronounced tilt reduction takes place at central layers as
ωB vanishes, while a non vanishing tilt persists in outermost
layers. Such a scenario is similar to the experimental findings,
where the surface layers exhibit a Sm-C−Sm-A transition
well above the bulk transition temperature [21]. Besides, it
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FIG. 5. Tilt angle profile for a N = 15 layer film, for distinct
temperatures: T = 0.880TNI (black circles) and T = 0.906TNI (red
squares). We consider ω0 = 0.26, α0 = 0.85, and β = 0.33. For
these parameters, bulk Sm-C−Sm-A transition temperature is esti-
mated as TCA = 0.902TNI . Notice that a pronounced reduction takes
place in the tilt angle of central layers when T > TCA, while a nonnull
tilt persists in outermost layers.

is important to stress that the tilt angle profile is assumed to
be independent of the surface anchoring, W0.

In Fig. 6, we present the profiles of order parameters
for a free-standing smectic film with N = 15 layers. We
use the same model parameters of Fig. 5. Furthermore, we
consider W0/V0 = 0.25, which corresponds to the regime of
weak surface anchoring [35]. For T < TCA, we observe that
nematic and smectic order parameters present nonuniform
profiles with a negative curvature, where central layers are
more ordered than the surface. More specifically, the weak
anchoring leads to a small value of smectic order parameter
in surface layers. However, the tilt-order parameter exhibits
a nonuniform profile with a positive curvature. This profile
is characterized by a high tilt ordering in surface layers, due
to the tilt angle profile defined in Eq. (13). Such a scenario
holds for T > TCA, with a small reduction in the nematic and
smectic order parameters. However, the tilt-order parameter
becomes almost negligible in central layers, while surface
layers present a finite tilt ordering. In this case, surface layers
remain in the Sm-C phase, with the central layers being in the
Sm-A phase. These results show that the tilt angle profile is
the dominant effect in the regime of weak surface anchoring.

A distinct scenario emerges in the regime of strong surface
anchoring, where profound modifications can be observed in
the profiles of order parameters near the bulk Sm-C−Sm-A
transition temperature, as exhibited in Fig. 7. Figure 7(a)
shows that the profile of the nematic order parameter presents
a positive curvature, with surface layers exhibiting an almost
saturated orientational ordering. Such a behavior holds for
T > TCA, with a small reduction in the nematic order pa-
rameter of internal layers. In Fig. 7(b), we observe that the
smectic order parameter exhibits a nonuniform profile with a
negative curvature for T < TCA. In this case, internal layers
are more ordered than the outermost ones. For T > TCA, the
smectic order parameter exhibits a nearly flat profile, in which
a small positive curvature can be verified. Although W0/V0

is not directly coupled to the tilt ordering, we notice that the
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FIG. 6. Profiles of (a) orientational, (b) translational, and (c) tilt-
order parameters for a free-standing film with N = 15, at different
temperatures: T = 0.880TNI (black circles) and T = 0.906TNI (red
squares). The model parameters are the same used in Fig. 5, where
the bulk Sm-C−Sm-A transition temperature takes place at TCA =
0.902TNI . We use W0/V0 = 0.25, corresponding to the regime of
weak anchoring condition. Notice that the tilt-order parameter stays
finite in the surface layers above the bulk Sm-C−Sm-A transition
temperature, even in the regime of weak surface anchoring.

strong anchoring condition leads to the enhancement of ηi

along the whole film, specially in surface layers, as presented
in Fig. 7(c). For T > TCA, a strong surface anchoring tends
to stabilize the tilt order along the film, with exception of the
central layers where tilt ordering is negligible.

To investigate the interplay of finite size effects and surface
anchoring conditions, in Fig. 8 we analyze the thickness
dependence of order parameters at the central layer of free-
standing films for distinct anchoring regimes. The penetra-
tion surface length is kept constant, with ξ = 2d0. In the
regime of weak surface anchoring, the nematic and smectic
order parameters of central layer increase rapidly as the film
thickness is enhanced, reaching their maximum values for
N = 15. However, the tilt-order parameter exhibits a gradual
reduction as the film thickness increases, thus reflecting the
thickness dependence of tilt angle defined by Eq. (13). This
result indicates that the finite size effects govern the thermal
behavior of order parameters in the regime of weak surface
anchoring. A distinct behavior is observed for strong surface
anchoring, as shown in Fig. 8(b). The nematic order parameter
at the central layer is independent of the film thickness, while
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FIG. 7. Profiles of (a) orientational, (b) translational, and (c) tilt-
order parameters for a free-standing smectic film, at the vicinity
of bulk Sm-C−Sm-A transition temperature (TCA = 0.902TNI ). We
consider different film temperatures: T = 0.880TNI (black circles)
and T = 0.906TNI (red squares). The model parameters are α0 =
0.85, β = 0.33, ω0 = 0.26, N = 15, and W0/V0 = 2.5. We notice an
enhancement in the tilt-order parameter due to the strong anchoring
condition.

a very small increase is observed in the smectic order param-
eter. Concerning the tilt-order parameter, we notice that ηcl is
slightly larger in thin films due to the strong surface anchor-
ing. However, the effects of tilt angle profile predominates
as the film thickness is increased. In fact, we have assumed
that the surface tilt amplitude ω0 is independent of the surface
anchoring W0, as it is related to the molecular structure and
excluded-volume contribution. More specifically, there is no
experimental evidence supporting the dependence of surface
tilt angle on the surrounding gas in free-standing films.

Figure 9 exhibits the temperature dependence of the order
parameters at the central layer for different values of surface
anchoring (W0/V0 = 0.25 and W0/V0 = 2.5) and two repre-
sentative film thicknesses (N = 7 and N = 25). For a thin film
with N = 7, we observe that a first-order Sm-C−N transition
takes place in the regime of weak anchoring conditions, while
the nematic order vanishes smoothly as the temperature is
raised, as shown in Fig. 9(a). This result indicates the absence
of the nematic-isotropic transition, even for small values of
the anchoring strength. However, the transition to the nematic
phase leads in practice to the film thinning or to the film
rupture. For a thin film with N = 7 and strong anchoring con-
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FIG. 8. Thickness dependence of order parameters in central
layer of free-standing Sm-C films: nematic (scl , black circles), smec-
tic (σcl , red squares), and tilt (ηcl , blue diamonds) order parameters.
The tilt angle of central layer is also shown (ωcl , green triangles).
Different regimes of surface anchoring are considered: (a) W0 = 0.25
and (b) W0 = 2.50. The model parameters are α0 = 0.85, β = 0.33,

and ω0 = 0.26. Notice that the surface anchoring plays an important
role in central order parameters of thin films.
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FIG. 9. Temperature dependence of order parameters at the cen-
tral layer in smectic films with different thicknesses and anchoring
conditions: (a) N = 7 and W0 = 0.25, (b) N = 7 and W0 = 2.50, (c)
N = 25 and W0 = 0.25, and (d) N = 25 and W0 = 2.50. Notice that
the interplay of finite size effects and surface anchoring may change
the phase diagram of free-standing films. The gray areas represent
the temperature regions where a dramatic reduction in the smectic
order takes place, corresponding to an unstable film.
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ditions, one can note that the first-order Sm-C−N transition
is replaced by a sequence of second-order Sm-C−Sm-A and
Sm-A–N transitions, occurring in higher temperatures than
that observed in bulk systems [see Fig. 2(b)]. For the thicker
film (N = 25), we observe a phase sequence similar to the
bulk system, even for a weak anchoring strength, as observed
in Fig. 9(c). Nevertheless, a residual smectic order parameter
persists after the jump in Sm-A–N transition temperature for a
25-layer film under strong anchoring, as shown in Fig. 9(d). In
this case, the nematic phase presents a residual smectic order,
corresponding to a surface-induced smectic phase (si–Sm-A).
A similar behavior is observed above the nematic-isotropic
transition temperature, where a residual nematic order is
observed.

IV. SUMMARY AND CONCLUSIONS

In summary, we have studied the phase transitions in bulk
systems and free-standing films presenting a Sm-C phase.
Using a single-particle mean-field potential introduced by
Govind and Madhusudana [33], we have shown that the phase
diagram of smectogenic compounds with a small transverse
dipole can be reasonably described when the tilt-induced con-
traction of smectic layers is considered. This approach elim-
inates the need to introduce an additional excluded-volume
contribution to stabilize the Sm-A phase, thus reducing the
number of free parameters of the model. By varying the
model parameter associated with the transverse dipoles in
rodlike molecules, a rich variety of phase diagrams have been
observed. In particular, we have identified a N−Sm-A−Sm-C
critical end point, corresponding to the position at which the
line of continuous transition between the Sm-C and Sm-A
phases encounters the coexistence line between the Sm-C and
the nematic phases. Concerning free-standing Sm-C films, our
results showed that the interplay of finite size effects and
surface anchoring conditions affects the phase diagrams of
thin films. Considering a tilt angle profile and a discrete ver-

sion of single-particle mean-field potential, we have computed
the profiles of order parameters of free-standing films under
different anchoring regimes. We have observed that surface
effects stabilize the tilt-order parameter in outermost layers
of films above the bulk Sm-C−Sm-A transition temperature.
As a consequence, surface layers may remain in the Sm-C
phase, while the central layers are in the -Sm-A phase. Such a
coexistence of Sm-C and -Sm-A phases in a free-standing film
has been reported in previous experimental studies [24,46].
However, some questions still remain open, such as the pos-
sible connection between the surface anchoring strength and
surface tilt angle. From a practical point of view, the control
of the anchoring strength may be a challenging task. Although
free-standing smectic films under strong anchoring condition
have been widely probed, the scenario of films with a weak
anchoring is very difficult to be realized. However, recent
studies of free-standing smectic films immersed in aqueous
solutions of surfactants revealed a reduction of anisotropic
contribution of the surface tension [57,58], indicating a re-
duction of the orientational order at the surface layers. Fur-
thermore, the effective control of surface anchoring has been
realized in the study of spherical smectic shells [59], where an
aqueous solution of an amphiphilic triblock copolymer was
used to induce a weak homeotropic anchoring. Considering
the status of the experiments nowadays, the present results
may stimulate experimental efforts aiming to probe the rich
scenario predicted by the extended version of the molecular
theory for Sm-C liquid crystals.
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Electric field effects on N–Sm–A–Sm–C phase transitions
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The effects of external electric fields on nematic–smectic–A–smectic–C liquid crystal phase tran-
sitions are studied using a microscopic molecular theory of smectic–C liquid crystals. The resulting
thermal behavior of the system’s order parameters, in the smectic–C phase, are analyzed. We
compare our results with experimental findings for typical thermotropic compounds presenting a
nematic–smectic–A–smectic–C phase sequence.

I. INTRODUCTION

The effects of external fields on molecular ordering in
liquid crystalline systems are an active research field [1–
6] with major implications for developing new electro-
optical devices [7–12]. In particular, the interplay of ge-
ometric anisotropy and different functional groups leads
to anisotropic electromagnetic responses in thermotropic
compounds [13, 14]. The system’s molecular orientation
depends on both the compound’s dielectric anisotropy
and the orientation of the applied external field, which
in turn modifies the order parameters and liquid crys-
talline sequence phases. For example, an external field
can give rise to ordered phases well above the nematic–
isotropic and smectic–isotropic bulk transition tempera-
tures [5, 6, 15]. Moreover, birefringence measurements
close to the nematic–smectic–A transition temperature
have shown that strong electric fields suppress the ne-
matic fluctuations in systems with a positive dielectric
anisotropy, causing a crossover from first to second or-
der phase transition [16]. Concerning molecular reorien-
tation, Wen and Rosenblatt have identified a crossover
from second to first order Fréedericksz transition in ne-
matic liquid crystals with a negative dielectric anisotropy
in the presence of a spatially homogeneous external field
[17]. From a practical standpoint, external field induced
director reorientation has proven crucial for developing
fast response electro-optic modulators, switching devices
and high-performance optical filters [7–12].

External field effects in the smectic–C phase were first
considered by Rapini [18], which focused on phase stabil-
ity and director reorientation. The discovery of different
electric responses in the smectic-C phase, such as fer-
roelectricity [19–25] and antiferroelectricity [26], greatly
encouraged further study of smectic phases, particularly
under the influence of an external field. On the other
hand, if the constituent molecules are chiral and possesses
a permanent transversal dipole, each layer in the smectic–
C phase exhibits a spontaneous polarization. The cou-
pling between tilt angle and electric polarization, which
causes the spontaneous polarization, can also occur at
the smectic–A phase at high temperatures as the electro-
clinic effect [27]. In a bookshelf configuration, the direc-
tor proportionally tilts perpendicular to the layers. Lee
and Patel [28] studied the behavior of a field-induced tilt

angle in a ferroelectric liquid crystal. They observed that
the molecular tilt crossed from a linear to a power law
dependence with exponent ν ∈ (1/3, 1), near the Sm–A–
Sm–C* transition. The director field can deform due to
the director’s rotation around the normal to the smectic
layers. As a result, the layers in most electroclinic mate-
rials contract and therefore buckle [29]. The electroclinic
layer buckling can be observed in an optical microscope
as periodic stripes and drastically reduces the high con-
trast ratio necessary for optical devices [30]. This effect
has been considered theoretically [31–33] and observed
experimentally [33, 34].

The rich phenomenology of liquid crystal phase tran-
sitions under an external field have led to several pro-
posed models. Despite the numerous aforementioned
macroscopic experimental and theoretical studies of
bulk smectic–C systems under external electric fields,
a detailed microscopic approach is as of yet lacking.
We therefore investigate nematic–smectic–A–smectic–C
phase transitions by extending the mean-field theory for
smectic–C liquid crystals under an external electric field.
The resulting effect on the thermal behaviour of the or-
der parameters, and the nature of the phase transitions
is analyzed for both positive and negative polarizability
anisotropies.

II. MICROSCOPIC MODEL FOR BULK
TRANSITIONS

We investigate a single component smectogenic sys-
tem of rod-like molecules with a small or moderate trans-
verse dipole moment [35], which presents a layer contrac-
tion in the tilted smectic phase. In order to characterize
the average molecular orientation inside the smectic lay-
ers, we consider the relative orientation of the director ~n
(|~n| = 1) and the smectic wave vector ~q, which is repre-
sented by average tilt angle ω, as shown in Fig. 1, where ~q
is assumed to be normal to the smectic layer plane (x−y
plane), with a magnitude depending on the layer spacing
d (|~q| = 2π/d).

We consider a single-particle mean-field potential that
extends McMillan’s model by including a tilting term and
an external electric field along the z-axis. The tilt direc-
tion is assumed to be constant for all smectic layers.

The contribution due to the electric field is given by
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FIG. 1. Schematic representation of the Sm–C system, show-
ing the layer contraction induced by the molecular tilt, where
d0 denotes the distance between layers in the Sm–A phase,
d represents the molecular tilt in the Sm–C phase, and ω is
the angle between d and d0. A Cartesian coordinate system
whose z-axis is normal to the smectic layer plane is used. For
convenience, we assume that the director ~n is restricted to the
z–x plane, defined as the tilt plane. Here, the vector ~c corre-
sponds to the projection of the director in the x-axis, while ω
represents the tilt angle of the director ~n with respect to the
smectic wave vector ~q. The orientation of the long molecular
axis is defined by the polar and azimuthal angles θ and φ, re-
spectively. ψ is the relative angle between the long molecular
axis ~a and director ~n. The external electric field is applied
along the z axis, i.e. ~E = Eẑ.

a linear term, Vdip = pE sin θ, and a dielectric term,
Vdie = − 1

3∆αpE
2P2 (cos θ), where p is the dipolar mo-

ment and ∆αp is the molecular polarizability anisotropy.
For calamitic molecules with a moderate or strong trans-
verse dipole (P > 5nC/cm2), the dipole-dipole inter-
action becomes relevant and a single-particle mean-field
potential is not suitable to describe phase transitions in-
volving such systems.

Aiming the analysis of electric field effects on phase
transitions involving the smectic-C phase, the contribu-
tions of electric field must be added to the single-particle
mean-field potential. Thus, the interaction potential ac-
counting for the effect of the electric field is written as:

V =− V0
{[

s+ ασ cos

(
2πz

d

)]
P2 (cosψ) +

+ αβησ2 sin 2θ cosφ− pE

V0
sin θ +

+
∆αpE

2

3V0
P2 (cos θ)

}
. (1)

where V0 is an interaction energy that determines the
scale of the bulk sample’s nematic-isotropic transition
temperature. P2(cosψ) is the second order Legendre
polynomial. The model parameters are α0 and β. The

former is a geometric parameter related to the length
of alkyl chains of rod-like molecules, given by α0 =

2 exp
[
− (πr0/d)

2
]
, where r0 defines the characteristic

length of the molecular rigid portion. The latter param-
eter depends on the spatial arrangement and strength of
the dipoles in rod-like molecules.

A non-null average tilt contracts the layer spacing, as
defined by d = d0 cosω, where d0 denotes the layer spac-
ing in the smectic-A phase. We therefore define the quan-
tity α in terms of the model parameter α0 to account for
the layer contraction due to tilting, as:

α = 2
(α0

2

)sec2 ω
. (2)

The orientation of the molecular long axis with respect
to the director is represented by the angle ψ, as shown
in the inset of Fig. 1, which satisfies:

cosψ = cos θ cosω + sin θ sinω sinφ. (3)

The order parameters s, σ and η are defined by:

s = 〈P2(cosψ)〉, (4)

σ = 〈P2(cosψ) cos(2πz/d)〉, (5)

and

η = 〈sin 2θ cosφ〉. (6)

Where the thermodynamic averages, 〈· · · 〉, are com-
puted from the following one-particle distribution func-
tion:

Z(z, θ, φ) ∝ exp [−V/kBT ], (7)

kB is the Boltzmann constant and T is the tempera-
ture. The equilibrium order parameters are solutions of
self-consistent equations, found at extreme values of the
following Helmholtz free energy:

F

N0V0
=

1

2

(
s2 + ασ2 + αβσ2η2

)
+

+
1

2

(
−pE
V0
〈sin θ〉+

∆αpE
2

3V0
〈P2 (cos θ)〉

)
−

− kBT

V0
ln

(
1

2πd

∫ 1

−1

d cos θ

∫ π

0

dφ

∫ d

0

dzZ
)
,(8)

where, for ω = 0, s = 〈P2 (cos θ)〉.
The order parameters are numerically determined us-

ing the self-consistent equations for different values of
the tilt angle ω, and fixed values of T , α0 and β. The
equilibrium configuration corresponds to the Helmholtz
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Order parameters
Phases s σ η
Isotropic null null null
Nematic non-null null null
Smectic–A non-null non-null null
Smectic–C non-null non-null non-null

TABLE I. Possible solutions corresponding to the different
phases.

free energy minimum with respect to ω. The solutions
corresponding to the different phases are shown in table
I.

The model parameters are henceforth α0 = 0.84
and β = 0.31 which well represents the nonchiral
liquid-crystalline compound p-decyloxybenzoic acid p-n-
hexyphenyl ester (DOBHOP). This compound exhibits
the following phase transition sequence: Sm–C - 77.5
- Sm–A - 83.3 - N - 88.9 - Iso. We then have the
following important parameters: transversal dipole mo-
ment p = 1.16 × 10−29 Cm, polarizability anisotropy
|∆αp| = 2.03 × 10−29 m3 and characteristic potential
V0 = kBTNI/0.2202 = 2.3× 10−20 J [36].

Although this specific compound presents a negative
polarizability, it is usefull to analize a similar compound
that presents an opposite polarizability. For that reason,
we are going to present the results for both polarizabili-
ties: ∆α∗

p = ±|∆αp|.

A. Results - Negative Polarizability

To investigate how the smectic–C order can be favored
by an electric field, we consider a negative polarizability
anisotropy (∆α∗

p < 0). In fact, the negative polarizability
anisotropy favors the reorientation of calamitic molecules
along the perpendicular direction to the external field.

0.00 0.05 0.10 0.15 0.20 0.25 0.30
ω (rad)
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-1.01

-1.00

-0.99

-0.98

F
/F

0

E = 0 kV/cm
E = 4 kV/cm
E = 8 kV/cm
E = 12 kV/cm

FIG. 2. Helmholtz free energy as a function of the tilt angle ω
for different values of applied electric field. We use represen-
tative values of the model parameters α0 = 0.84 and β = 0.31.
We use ∆α∗

p < 0 and fixed temperature T/TCA = 0.8. We can
notice that the minimum value of F/F0 increasing in module
implies a greater phase stability.

In order to characterize the stability of the smectic-C
phase, we present the Helmholtz free energy as a function
of the average tilt angle for different values of external
electric field, as shown in Fig. 2. We fixed the temper-
ature T/TCA = 0.8, where TCA is the temperature at
which the Sm–C order disappears with no external field
influence. To aid visualization, we normalized the free en-
ergy axis to F0, the free energy corresponding to no field
and ω = 0. For E = 0, we observe that the Helmholtz
free energy presents a minimum at non-null value of tilt
angle, confirming that the smectic-C phase corresponds
to the equilibrium phase at T/TCA = 0.8. As the exter-
nal electric field is raised, we notice that the energy min-
imum becomes more pronounced, taking place at higher
values of the tilt angle. Such a result indicates that the
electric field favors the tilt ordering inside the smectic
layers, thus increasing the stability of the smectic-C. In
particular, molecules presenting a negative polarizability
tend to align themselves perpendicular to the external
field, similar to the contribution of field-transverse dipole
interaction. As a consequence, a gradual increase of the
tilt angle is expected as field amplitude is enhanced, for
T < TCA.
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FIG. 3. Variation of the orientational s, translational σ, and
tilt η order parameters as a function of the reduced tempera-
ture for different values of electric field and ∆α∗

p < 0. For (a)
E = 0 kV/cm, we have the temperature dependence of order
parameters on bulk. For (b) E = 4 kV/cm, we can already
see the external field effects, where nematic order parameter
start to have negative values. For (c) E = 12 kV/cm, we can
notice that the Sm–A phase is being suppressed, where we
have a first order Sm–A–fi–N phase transition. And for (d)
E = 16 kV/cm, the Sm–A phase is completely suppressed and
we have a Sm–C–fi–N phase transition.

Figure 3 shows the temperature dependence of s, σ
and η order parameters, for different electric fields. Fig-
ure 3(a) shows the bulk order parameters, without an
external electric field, presenting a second order Sm–C–
Sm–A phase transition, followed by first-order Sm–A–N
and N–Iso phase transitions. We note that even for a
small electric field the isotropic phase is suppressed, giv-
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ing rise to a field-induced nematic phase, with negative
orientational order parameter, as shown in figure 3(b).
Additionally, the temperature-range of the Sm–A phase
is reduced, while the Sm–C phase is favoured by the
external field. Figure 3(c) shows a small-range Sm–A
phase followed by a first-order Sm–A–fi-N phase tran-
sition, completely suppressing the nematic phase with
positive order parameter. Moreover, we notice a pro-
nounced increase in the transition discontinuity between
conventional and field-induced nematic phases. We also
verify a gradual increase in the Sm-A-Sm-C transition
temperature as the electric field is enhanced, being ac-
companied by a raise in the tilt order parameter increases
at T < TCA. Sufficiently strong electric fields induce a
first order Sm–C–fi-N phase transition, where the Sm–A
phase is completely suppressed, as seen in figure 3(d).

The temperature dependence of tilt angle for different
values of electric field was analyzed to characterize the
electric field’s effects on the phase transitions, shown in
Fig. 4. For convenience, we consider an reduced temper-
ature, which is normalized by the temperature at which
the η order parameter vanishes. For reduced tempera-
ture < 1, we observe that the tilt angle increases with
the electric field. Additionally, the continuous decay of
the tilt angle is replaced by a jump at reduced tempera-
ture = 1, which suggests that sufficiently strong electric
fields affect the nature of phase transitions involving the
smectic–C phase, even though the model parameters are
kept constant. Since we are considering a negative po-
larizability, this result is in agreement with experimental
studies, given that sufficiently strong electric fields sup-
presses the Sm–A phase [16, 27–30].
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reduced temperature
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FIG. 4. Variation of the tilt angle ω as a function of the
reduced temperature, which is normalized by the temperature
at which the η order parameter vanishes, for different electric
field values and ∆α∗

p < 0. We can observe that the assumed
tilt angle increases as the electric field is applied. In addition,
it’s possible to notice that there is a change in the nature of
the phase transition for high fields.

In Fig. 5, we present the variation of the tilt angle ω as
a function of the electric field, for different values of tem-
perature. In Fig. 5(a), for T < TCA, which corresponds

to the temperature at which the η order parameter van-
ishes, we observe an monotonic increase of tilt angle un-
der the influence of an external electric field, reflecting
the increase in the order parameter η. More specifically,
an almost quadratic growth with the applied field is ob-
served, indicating that the contribution associated with
the anisotropy in polarizability predominates over the
contribution of the transverse dipole. This behavior per-
sists at temperatures where the smectic-C phase is well
established. As the temperature approaches TCA, ω satu-
rates at a maximum value as the field strength increases.
This is due to the fact that the second-order Sm-A-Sm-C
transition is suppressed at high fields when T → TCA,
giving way to the Sm-C-N transition, as shown in Fig.
3(d).
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FIG. 5. Variation of the tilt angle ω as a function of the
electric field, for different temperatures, with ∆α∗

p < 0. Tem-
peratures (a) below TCA and (b) above TCA. Below TCA, we
notice that for smaller fields, the higher the temperature, the
greater the variation in the tilt angle value. Above TCA, it’s
important to notice the reentrant-like behavior around the
smectic–C–nematic transition.

The dependence of the tilt angle on the external field
exhibits a distinct behavior when T > TCA. In partic-
ular, the tilt angle remains null until the electric field
reaches a threshold value due to the competition be-
tween thermal and field effects. This is associated with
the molecule’s small dipole moment, requiring a stronger
electric field to overcome the thermal effects and thus
induce tilting. For increasing field strength, the tilt an-
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gle is favored up to a certain point. When approaching
the smectic–C–nematic phase transition, there is a con-
tinuous reduction on the tilt angle, thus representing a
reentrant-like behavior.

Fig. 6 presents the phase diagram of temperature ver-
sus the applied electric field. The temperature is rescaled
by the nematic–isotropic transition temperature, TNI .
For low fields, a second-order Sm–C–Sm–A, followed by
a Sm–A–N phase transition is present. As the applied
field increases, the Sm–A phase is suppressed, due to the
reduction in the Sm–A–N and the increase in the Sm–
C–Sm–A transition temperatures. Additionally, the rep-
resentation range of the nematic phase induced by the
external field increases. For E = 15 kV/cm, a second-
order Sm–C–Sm–A phase transition is present, while a
first-order Sm–C–fi–N phase transition only takes place
for E > 15 kV/cm. This indicates that E = 15 kV/cm is
a critical end point, which corresponds to where the line
of continuous Sm–C–Sm–A transition encounters the co-
existence line between the Sm–C and the nematic phase.
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FIG. 6. Phase diagram of the reduced temperature as a func-
tion of the applied electric field for ∆α∗

p < 0. For low fields it’s
possible to notice a second order Sm–C–Sm–A phase transi-
tion. As the applied field increases, the Sm–A phase is sup-
pressed, and we can see the representation range of the ne-
matic phase induced by the external field increase. For E > 15
kV/cm, we have a continuous phase transition Sm–C–fi–N.
Here, the dashed line represents a second order phase transi-
tion, and the filled line describes a first order phase transition.
The painted part in the figure represents the field-induced ne-
matic phase.

B. Results - Positive Polarizability

Now, we consider a positive polarizability anisotropy
(∆α∗

p > 0). In this configuration, we have opposite con-
tributions associated with the external field: (i) the posi-
tive polarizability anisotropy favors molecular alignment
along the external field; (ii) the field-dipole interaction
tends to reorient molecules perpendicular to the electric
field. Such opposite trends may lead to different scenar-
ios for transitions involving the smectic-C.

Fig. 7 presents the variation of the tilt angle ω as a
function of electric field, for different temperatures. We
note that, differently than for the case of negative po-
larizability anisotropy, the tilt angle ω decreases under
the influence of an external field for a given tempera-
ture, with a reduction of its maximum value when the
applied electric field increases. This happens because the
molecules’ major axis tend to align parallel to the field,
since the contribution associated with the polarizability
anisotropy overcomes the contribution of the transverse
dipole.
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FIG. 7. Variation of the tilt angle ω as a function of the
electric field, for different temperatures and ∆α∗

p > 0. We
notice that the tilt angle decreases under the influence of the
external electric field, and the maximum tilt angle assumed
also decreases as the temperature approaches the transition
temperature.

Fig. 8 shows the temperature dependence of s, σ and η
order parameters, for different values of the electric field
strength. For E = 4 kV/cm (Fig. 8(b)), the electric field
suppresses the isotropic phase, giving rise to an field-
induced nematic phase. Additionally, the temperature-
range of the smectic–C phase reduces, while the smectic–
A phase is favored by the external field. For increas-
ing field strength, we notice a reduction in the nematic-
isotropic transition discontinuity (Fig. 8(c)). In this case,
the nature of the Sm–C–Sm–A and Sm–A–N transitions
remain the same, as second and first order transitions,
respectively. For a sufficiently high field strength (Fig.
8(d)), the discontinuity in the orientational order pa-
rameter disappears, due to the suppression of the liquid
isotropic phase. Moreover, we can see that the tilt angle
assumed by the smectic–C phase decreases as the electric
field increase, contrary to the behavior for ∆α∗

p < 0.
Finally, Fig. 9 presents the phase diagram for ∆α∗

p >
0. We note that the smectic–A phase is favored, while
the smectic–C phase is suppressed with increasing field
strength. Under the influence of an external electric field,
a residual nematic phase appears, favoring the phase for
increasing field, while suppressing the isotropic phase.
However, the liquid isotropic phase is present for low
field strengths. The phase diagram permits the charac-
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FIG. 8. Variation of the orientational s, translational σ, and
tilt η order parameters as a function of the reduced temper-
ature for different values of electric field and ∆α∗

p > 0. (a)
E = 0 kV/cm, (b) E = 4 kV/cm, (c) E = 6 kV/cm and (d)
E = 8 kV/cm. For E = 4 kV/cm, it’s possible to notice the
appearance of a nematic residual phase under the influence of
the external electric field. For E = 6 kV/cm, we can already
to observe the reduction of the smectic–C phase and an in-
crease in the range of the smectic–A phase. It is important to
notice that the nematic phase suppresses the liquid isotropic
phase. Moreover, in 8(d), we can see that the tilt angle as-
sumed by the smectic–C phase decrease as the electric field
increase.

terization of the phase transitions, where a second-order
smectic-C–smectic-A phase transition and a first-order
smectic-A–nematic phase transition is present for all val-
ues of the external electric field strength.

III. SUMMARY AND CONCLUSIONS
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